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Definition 1. We can define the absolute value of a real number by a verbal description.
If a given number is positive or zero, its absolute value is the number itself. If the number
is negative, we omit the minus sign.

The absolute value of the number 100 is 100, in mathematical notation |100| = 100. The
absolute value of zero is zero, |0| = 0, the absolute value of −6.3 is 6.3, | − 6.3| = 6.3.

This definition is very easy to use if you need to find the absolute value of a given number.
It is more tricky if you are asked to solve an equation that involves absolute values, for
example, |x−1| = 3. Nevertheless, from |x−1| = 3 we can conclude that the expression in
the straight brackets should be equal to either three, or negative three, x− 1 = ±3, hence
we get two solutions, x = 4 and x = −2. It is even more tricky if an equation contains
more than one expression that involves an absolute value.

A formal definition is a more powerful tool, because it works also in more complex
situations.

Definition 2. For any real number x,

|x| =

{
x if x ≥ 0

−x if x < 0
.

This definition is only a reformulation of the first definition. The first line considers the
first case, when x is positive or zero. It says that if the given number, x, is positive or zero,
its absolute value is the number x itself. The second line states that in the case x < 0 we
need to multiply x by −1, i.e. to change the sign of x to the opposite. That makes the
negative x positive, which is the same as to omit the negative sign of the negative number
x.

Definition 2 is the usual formal definition for the absolute value.

Example. Solve |x− 1| = 3 using Definition 2.
Solution. We consider two cases, x− 1 ≥ 0 and x− 1 < 0.
If x−1 ≥ 0, then |x−1| = x−1, and we need to solve a usual linear equation, x−1 = 3,

which gives us the solution x = 4. We check if 4− 1 ≥ 0, which is true.
If x− 1 < 0, we have the second case of the definition, and |x− 1| = −(x− 1) = −x+ 1.

Solving −x + 1 = 3, we get the second solution, x = −2. We must check if x − 1 < 0 for
x = −2, which is the case.

We can be sure that we have found ALL solutions, because we investigated both cases,
x ≥ 1 and x < 1, it covers all real numbers.
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Why do we need to check that the solution of the linear equation satisfies the inequality?
Because if we do not check it, we can get a wrong solution, which you can see it if you
solve the following

Problem 1. Solve |x− 1| = −3 using Definition 2. Note that solving a problem means
to find all solutions, or to prove that there are no solutions.

Definition 3. This definition is the shortest one. We say that |x| =
√
x2. Indeed, the

square root is defined only for positive numbers or zero, and x2 ≥ 0 for all real numbers

x. Hence
√
x2 makes sense for positive and negative numbers x, and for x = 0. The value

of the square root is always non-negative,
√
x2 ≥ 0. If x ≥ 0, then |x| = x. In the second

case, if x < 0, we get the positive number
√
x2, and |x| = −x.

Example. Solve |x− 1| = 3 using Definition 3.

Solution. It follows from |x| =
√
x2 that |x|2 = x2. Take the square of both sides,

|x− 1|2 = 9. We need to solve a quadratic equation, (x− 1)2 = 9, namely x2− 2x− 8 = 0,
which gives us two solutions, x = 4 and x = −2.

Problem 2. Solve |x − 1| = −3 using Definition 3 and check your answer. Why does
this method give us the wrong answer? What do we need to check before we use this
method?

Geometrical meaning of the absolute value. The absolute value |a − b|, where a
and b are some real numbers, can be interpreted as the distance between a and b on the
number line. It does not matter in this definition if a < b, b < a, or a = b.

Then |x| = |x− 0| is the distance between the point x and the origin.

Example. Solve |x− 1| = 3 using the geometrical meaning of the absolute value.
Solution. We need to find points x on the number line such that the distance between

each point and 1 is equal to 3. Three steps to the right from 1 gives the point 1 + 3 = 4.
Three steps to the left is 1− 3 = −2.

We have solved the equation |x− 1| = 3 using four different methods!

Problem 3. Solve |x + 1| = 3, using the geometrical meaning of the absolute value.

Below are more problems for you. Solve them using the method that you find suitable.

Solve the following equations and check your answers:
Problem 4. ∣∣∣∣x− 1

2

∣∣∣∣ =

∣∣∣∣x +
3

2

∣∣∣∣ ,
Problem 5. ∣∣∣∣2x− 1

2

∣∣∣∣ =

∣∣∣∣x +
3

2

∣∣∣∣ ,
Problem 6. ∣∣∣∣2x− 1

2

∣∣∣∣+

∣∣∣∣x +
3

2

∣∣∣∣ = 1,
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Problem 7. ∣∣∣∣2x− 1

2

∣∣∣∣+

∣∣∣∣x +
3

2

∣∣∣∣ = 8.

Problem 8. The distance between two towns, Abri and Bori, along the highway is
50 km. We know that the village Cotri is placed on the same highway, and the distance
between Abri and Cotri is one fifth of the distance between Bori and Cotri. What is the
location for Cotri on the highway? Write out the problem as an equation with absolute
values, solve it, and mark your solution(s) on the number line.

Problem 9. The distance between two towns, Abri and Bori, along the highway is 50
km. Andi starts walking with constant speed 5 km/hr at Abri, and Bobbi rides on her bike
with the speed 15 km/hr. They meet after t hours. We do not know in which direction
Andi and Bobbi are moving. Write out the problem as an equation with absolute values,
solve it, and mark all possible positions of Andi and Bobbi on the number line.

Problem 10. Calculate the time T when the distance between Andi and Bobbi becomes
10 km (see problem 9). Write out the corresponding equation with absolute values. Find
all solutions, and mark the positions on the number line.


