
PLANE SYMMETRIES AND ORNAMENTS

JELENA SCHMALZ

We can observe different patterns and symmetries in nature and in human created ob-
jects. In this text we discuss symmetries of the plane, and plane ornaments, which are
created by combinations of those symmetries.

1. Rotation Symmetries

We start with rotation symmetries. A shape of a regular polygon looks the same after
rotating it by a particular angle. For example, the shape of the square will be the same
after rotating it clockwise by 90◦, see Figure (1). It does not matter how many times and
in which direction we turn a square by 90◦, the resulting shape will coincide with the shape
of the original square. If we label the corners of the square with numbers 1, 2, 3, and 4,
then after four turns in one direction the numbers will appear at the original position. We
say that a square has a symmetry of order four.

Figure 1. Rotation symmetry of order four
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2. Rotation Symmetries of Order n

Regular polygons with n sides are rotation symmetrical of order n, see Figure (2).
Central symmetry is a rotation by 180◦ and has order two.

Figure 2. Rotation symmetries of orders 3, 4, 5, 6, 7, and 8

The shape of a regular polygon does not change if we turn it by a multiple of 360◦

n . Combi-
nation of two rotations will be a rotation as well. We can label the corners of a polygon with
numbers from 1 to n either clockwise or anticlockwise, we call it clockwise or anticlockwise
orientation. If the orientation is chosen, no rotation can change it to the opposite.
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3. Mirror Symmetry and Orientation

On the contrary, mirror symmetry (or reflection) changes the orientation, as shown in
Figure (3).

Figure 3. Mirror symmetry changes the orientation from 1234 clockwise
to 1234 anti-clockwise

• Question 1 How many axes of mirror symmetry has a regular polygon with n
sides? Does the answer depend on n being even or odd?

• Question 2 Can you obtain the second square in Figures (4) and (5) from the
first one by only rotations? Only reflections? Combining rotations and mirror
symmetries? If so, show the steps. If not, explain why.

Figure 4. Figure for Question 2 (a)

Figure 5. Figure for Question 2 (b)
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For Questions 3 and 4 consider rotation symmetry of order n.

• Question 3 Can any rotation symmetry be replaced by a combination of reflec-
tions?

• Question 4 Can any reflection symmetry be replaced by a combination of rota-
tions?

4. Translational Symmetry

Two shapes are called translational symmetric, if we can get one of them from the other
by sliding. An example of a translation of a two-dimensional shape is shown in Figure (6).

Figure 6. Translation
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5. Mirror Symmetry and Orientation in 2d and in 3d

Put yours hands palm down on a desk and consider their two-dimensional shapes. No
combination of translations and rotations inside the plane can make the shapes coincide.
The reason for this is that the left and the right hand have different orientations. If we label
the fingers on each hand with numbers, starting at the thumb, the left hand on Figure (7)
has the anticlockwise orientation, and the right hand has the clockwise orientation. Mirror
symmetry could solve this problem. Alternatively, you can use the third dimension: lift
your right hand, turn it palm up, and match with the shape of the left hand on the desk.

Figure 7. Reflection

• Question 5 Now consider the right and the left hand as three-dimensional shapes.
Can we match them by rotations and translations in the three-dimensional space?

• Question 6 Look at your mirror image. The left-hand side and the right-hand
side are flipped in your mirror image. But why did the head and the legs not get
flipped?
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6. Tiling the plane with Polygons

The plane can be filled with squares without gaps between them, as for example a sheet
of grid paper. We imagine, of course, an infinite sheet. Not all polygons can be used for
tiling the plane without gaps. Actually, only three types of regular congruent polygons are
suitable for this,

regular triangles – symmetry of order 3
squares – symmetry of order 4
regular hexagons – symmetry of order 6

We add to them two polygons with the symmetry of order 2,

rectangles or rhombuses

• Question 7 We want to tile the plane with congruent regular polygons in such a
way that two adjecent polygons have one common side and two common vertices.
Show that it is possible only with regular triangles, squares, and hexagons.

7. Wallpaper Group

We have discussed rotational, translational, and reflection symmetries, see Figure (8).
We introduce now a forth type of symmetry of the plane, namely gliding reflection. Gliding
reflection is a composition of a reflection about an axis and a sliding along the same axis.

Figure 8. Four basic plane symmetry types

Combining four motions listed in Figure (8), we can create new ornaments. All infinite
plane ornaments can be classified into 17 different types.

See for example here
http://xahlee.info/Wallpaper_dir/c5_17WallpaperGroups.html
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8. How to Create Wallpaper Ornaments

In Figure (9) we show some examples of plane ornaments. In all these examples we start
with a flag in a rectangular cell. In the first picture we repeatedly reflect a green flag about
vertical axes, and then translate the created row vertically. In the second picture we apply
a glide reflection with respect to a horizontal line, and then reflect the rows repeatedly
about horizontal axes. In the third picture we started with rotation of order 4, and then
translated the resulting figure horizontally and vertically.
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Figure 9. Creating different ornaments from the same cell

Another example is shown in Figure (10). We start with a regular triangle as a cell, and
mark its corners with two different colours. We apply the rotation of order six, and then
reflections.

Figure 10. Rotation of order six and reflections
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9. Examples in Architecture

• Question 8 In the pictures below find and name all symmetries.

Figure 11. Ceiling of the Great Chamber at Blickling Hall
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Figure 12. Russian Windows
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Figure 13. Islamic Doorway

10. Create your Own Ornaments

• Question 9 Create your own ornaments. Start with one cell, then apply symme-
tries. You can print out and use the templates below.
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