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1. One-, two-, and three-dimensional spaces and creatures

We say that a straight line is a one-dimensional space. If a one-dimensional creature
would live on a straight line, it could move only along this line, forward or backward. If
the creature is dangerous, we can inclose it in one line segment by two points, one point in
front of, another behind the creature. If this straight line is on a plane, the creature can
easily escape the one-dimensional cage in the direction perpendicular to the straight line.

A plane is a two-dimensional space. A two-dimensional creature could move back and
forward, and to the left to and the right, and to all combinations of those movements. For
keeping the creature in the cage we need to draw a closed line around the two-dimensional
creature – for example a circle centred at the creature’s location, with the radius pro-
portional to how much space we’re willing to give the creature. If the plane is placed in
three-dimensional space, the creature will escape again.

We live in three-dimensional space, which has two horizontal and one vertical directions.
A three-dimensional creatures can move in any combination of these directions.

• Question 1. What is a zero-dimensional space? What might a zero-dimensional
creature look like?

• Question 2. What can you say about the variety of one-dimensional creatures
compared to the variety of two-dimensional creatures?

• Question 3. Which of the two-dimensional creatures drawn as smiley-faces on
Figure 1 can escape their cage? They are not allowed to leave the plane.

One-dimensional space does not have to be a straight line, but can be any line, including
closed lines and lines with self intersections. For example, take a circle. If a one-dimensional
creature moves along a straight line in the direction forward, it will never come to its original
position. It is different with the circle. Travelling along the circle, the creature can return
to the point where it started. A one-dimensional creature can not turn so that its head
shows in the opposite direction, neither on a straight line nor on a circle.

• Question 4. Assume that a one-dimensional snake is not symmetrical, i.e. has a
head and a tail. Find a comfortable curve for it to live on, so that the snake can
make a turn on the curve. The snake wants to be able to pass any segment on the
line in both directions with its head in front.
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Figure 1. Which of the two-dimensional creatures can escape a cage?

2. Cubes in Dimensions one, two, three, and four

Imagine a square in 2d with the sides of the length l and resultantly the area A = l2.
If we double the length of the square’s sides, the area of the bigger square is (2l)2 = 22A.
If we double the length of a side of a cube, its volume increases by a factor of 23. A
one-dimensional cube would be just a segment on the straight line of the length l, and the
“volume” of this one-dimensional cube is the length of the segment. Doubling the length
of the side l increases the “volume” by factor 21.

• Question 5. Fill out the table below. What is the volume of a one-, two, three-,
or four-dimensional cube with the sides one, two, three, or 1/2 metres? A one-
dimensional cube is a straight line segment, the two-dimensional cube is a square.
Even if you can not imagine the four-dimensional cube, you can nevertheless guess
its volume.

Volume 1dim cube 2 dim cube 3 dim cube 4 dim cube
1m
2m 21 = 2m 22 = 4m2 23 = 8m3

3m
1
2 m

We notice that the exponents in this table are equal to the dimensions of the space. Our
next question is, must the dimension be always an integer? Can it be somewhere between
one and two, or between two and three?
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3. Fractal dimensions

One of the famous examples of a figure with a fractal dimension is the Sierpinski carpet,
We start the construction of the Sierpinski carpet with a two-dimensional square with the
side equal to three units. We divide the square into nine small squares as in Figure 2, and
cut out the middle square.

Figure 2. Construction of the Sierpinski carpet, step 1

We continue the procedure for each of the eight remaining squares,

Figure 3. Construction of the Sierpinski carpet, step 2
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then for the rest of the remaining squares, and so on

Figure 4. Construction of the Sierpinski carpet, step 6

infinitely many times. We will get a carpet with a lot of holes in it, infinitely many holes.
Now, we can find the dimension of the Sierpinski carpet. For this we need to find out

how the “volume” of the carpet with sides of length 1 unit changes if we increase the side
by factor three. On the Figure 4, we see that the carpet with side 3 contains eight smaller
carpets with the side 1. You should keep in mind that there are infinitely many holes,
otherwise we can not claim that the big and the small squares differ only in size. The
dimension d is found by the equation

3d = 8.

Dimension d must be a number between 1 and 2, because 31 < 3d = 8 < 32. If you have
learned logarithmic functions, then you know that by definition of the logarithm

d = log3 8,

which is approximately d = log3 8 ≈ 1.89.

• Question 6. Similar to the Sierpinski carpet we can construct a cube. Start with
a cube with the side 3, divide it into 27 cubes with the side 1, cut out the middle
one. Each of the cubes with the side 1 divide in 27 cubes with the side 1/3 and
cut out the middle ones. Repeat the procedure infinitely many times. What is the
dimension of this figure?

• Question 7. Now start the same procedure with a line segment. Describe the figure
and find its dimension. This figure has its own name, the Cantor set.
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• Question 8. How many four-dimensional cubes with the side 1 are in the four-
dimensional cube with the side 3? We cut out the cube in the middle and repeat the
procedure with the rest of the cubes, infinitely many times. What is the dimension
of the resulting figure?
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Figure 5. Fern leafs have a fractal structure
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4. Applications of fractals

Figures with dimensions that are not an integer, are called fractals. We have discussed
fractals with self repetitive patterns. But there are fractals without a repetitive pattern.
For example, clouds on the sky have fractal dimensions. Calculating the fractal dimensions
has applications, for example in medicine. In particular, the dimension of a tumour can
help to diagnose if the tumour is malicious or not. Figure 6 shows a simplified picture, of
(a) a harmless tumour, (b) a malicious tumour.

(a)                           (b)
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Figure 6. Simplified picture, of (a) a harmless tumour, (b) a malicious tumour

One method to calculate the fractal dimension, which works also for non repetitive
fractals, is the following. Assume a two-dimensional square and a curve or a figure inside
this square. Obviously the square contains at least one point of the curve. We divide each
side of a square by two, get four equal squares, and count how many squares contain at
least one point. We continue this procedure of division, and each time count the number
of non empty squares. On the n-th step we divided the big square into small squares with
sides (1/2)n. We denote the number of non empty squares with N . Then, the “average
area” for a small square, is 1

N parts of the big square. Observing the behaviour of a number
d such that d satisfies ((

1

2

)n)d

=
1

N
,

we realise that for increasing n the number d is closer and closer to one particular number,
and we call that number the dimension of the figure. We can express it in the formula

d = lim
n→∞

log2N

n
.

• Question 9 Check if this method really works for a two-dimensional figure as in
Figure 7 shadowed red. It is a four times four square without the upper right
square with side = 1.
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Figure 7. Does the method above really works for this two-dimensional figure?

In practical questions there is much more data given, and computers are needed for all the
calculations.

This method is used in computer science for compression of data. The series of pictures
below illustrate the idea. The higher the resolution is, the finer the partitions need to be.
Coloured in yellow are the squares that contain at least one point from the original curve.

- -

Figure 8. The square is coloured because it contains the yellow figure
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Figure 9. The square is divided into 4×4 square cells, and the non empty
cells are coloured

- -

Figure 10. Picture is more clear if we divide the square into 16 × 16 cells
and colour the non empty ones
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Figure 11. The finer the partition, the clearer picture


