
PUZZLES WITH MIRROR SYMMETRIES AND INVERSIONS

JELENA SCHMALZ

1. Reflection

The word symmetry comes from the greek word symmetros, its first part syn means the
same, the second part metros means measure. For the mirror symmetry (called also line
symmetry or reflection) this means that

1. Two symmetrical segments have the same length. See Figure 1 .

Figure 1

The other important property of the mirror symmetry is

2. The line AB that connects two symmetrical points A and B, is perpen-
dicular to the line of symmetry. See Figure 2. The line of symmetry is called
also the axis of symmetry.
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Figure 2

These properties of the mirror symmetry help us to solve some geometrical problems.

Question 1 Cut a square from a rectangular sheet A4, using only scissors. You can fold the
paper.

Question 2 Cut a regular octagon from the paper square, by folding the paper and using only
scissors.

Question 3 A figure has two axes of symmetry. What is the angle between these axes of
symmetry?

Question 4 Each of the four diagrams in Figure 3 shows two symmetry axes and a segment.
Sketch the figure that is the image of the segment in the mirrors.

Figure 3
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Shortest path between two points in the plane is the path along the straight line connecting
these two points. See Figure 4.

Figure 4

This is a statement that we take for given, we call such statements axioms. Axiom is a
greek word and means “something which is assumed to be evident”. From axioms we can
derive other statements.

Question 5 Show that the shortest path from a point A to a line l is the path along the line
that is perpendicular to l. See Figure 5.

Figure 5

Question 6 Given points C and D on the one side of the axis of symmetry l, find the point M
on the line l such that the sum of distances CM +MD is the shortest. See Figure
6.
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Figure 6

2. Constructions with compass and ruler

Construction problems with compass and ruler are typical geometrical problems. In these
problems we are allowed to draw straight lines with a ruler and circles with a compass.
We can not measure the lengths of segments, but we can construct equal segments using
the compass. As an example, we construct a point symmetrical to a given point P with
respect to a given line l, using only ruler and compass. See Figure 7.

Figure 7

First we press the compass leg with the spike into the point P , and sketch a circle so that
it intersects the line l in two points, we denote them by M and N . We fix the distance
between the compass legs, and draw two circles with the same radius, one with the centre
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at point M , the other with the centre at point N . The two circles will intersect in two
points, one is the point P , the other point we denote by P ′. The point P ′ is the mirror
image of the point P . Indeed, the triangles MNP and MNP ′ are isosceles, their heights
MH and NH are also medians, and they are perpendicular to their common basis, i.e.
the line PP ′ is perpendicular to the line l. Also PH = P ′H, because the triangles MHP
and MHP ′ are congruent. The word “congruent” means that the triangles have the same
shape and the same size.

Usually we do not draw whole circles, but only the parts of the circle which intersect
with another circle or with a straight line. This makes it easier to understand the sketch.
See Figure 8.

Figure 8

Now is your turn. Using only compass and ruler

Question 7 Construct the line that passes through the point A and that is perpendicular to l
if the point A belongs to the line l.

Question 8 Disect a given segment in two equal parts.
Question 9 Disect a given angle in two equal parts.

Question 10 Given three points on the plane, which do not lie on one single line. Draw a circle
through these three points. Why does this not work if the three points lie on one
line?

3. Inversion

In this section we will learn about the symmetry with respect to a circle. We say that
points P and P ′ are symmetrical with respect to the circle c with the centre O and the
radius R, if O, P , P ′ lie on one line, and OP ·OP ′ = R2. See Figure 9. The centre of the
circle O has no symmetric point. This symmetry is called the inversion with respect to the
circle c.
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Figure 9

Question 11 See Figure 10. Assume that the straight line P ′T is the tangent at T to the circle
with the radius R and the centre O and that the line TP is perpendicular to OP ′.
Prove that OP ·OP ′ = R2.

Figure 10

Question 12 Use the result from the Question 11 to construct the inversion of the point P
(a) if P is inside the circle, (b) if P is outside the circle.

Question 13 What is the inversion image of a circle with the radius r about the circle c with
the radius R, if the circles have the same centre O? Consider three cases,
r = R, r > R, and r < R.

Question 14 What is the inversion of a circle with the radius r that lies inside the circle c and
touches it in only one point T . Consider three cases,
0 < r < 1

2R, 1
2R < r < R, and r = 1

2R.
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Mathematical joke A mathematician visits a zoo when a tiger escapes from the cage.
The mathematician calls all zoo visitors to squeeze into the cage, locks the door, and then
applies the inversion about the cage.


