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Elliptic curves are beautiful objects in pure mathematics that have found an application
in cryptography. In this text we first discuss cubic functions and their graphs, then sketch
some elliptic curves and learn how to add points on an elliptic curve.

1. Division of Polynomials

Surely you have learned long division at school. In the same way we can also divide
one polynomial by another polynomial. In this story we are talking about cubic functions,
and we show, by an example, how to divide a cubic expression by a linear one. A cubic
function is a polynomial function of order three, y = ax3 + bx2 + cx + d, where a 6= 0.

The division of x3−x2−x−2 by x−2 can be done without a remainder, and the result
of this division is x2 + x + 1:

x2 + x + 1 (Explanations)
x− 2|x3 − x2 − x− 2

x3 − 2x2 ((x− 2)× x2 = x3 − 2x2)
x2 − x− 2 (x(x− 2) = x2 − 2x)
x2 − 2x ((x− 2)× 1 = x− 2)

x− 2 ((x− 2)× 1 = x− 2)
x− 2

0

Hence we can write that f(x) = x3 − x2 − x− 2 = (x− 2)(x2 + x + 1).

Question 1. Solve x3 − 7x + 6 = 0 for x. You may guess one root, and then use long
division and factorise the expression. (Hint: for integer coefficients, if we know that there
is an integer root, it is enough to check the divisors of the constant term.)

Question 2. A cubic function has three real solutions, x = −2, x = −3, x = 1
2 , its

y-intercept is y = 12. Write out the formula for this function.
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2. Number of solutions to a cubic equation

The factorisation, as for example x3 − x2 − x− 2 = (x− 2)(x2 + x+ 1), is very handy if
we want to solve a cubic equation. The only solution to (x− 2)(x2 + x + 1) = 0 is x = 2.
(The solutions to an equation f(x)g(x) = 0 can be obtained by solving two equations,
f(x) = 0 and g(x) = 0, independently.) The quadratic equation x2 + x + 1 = 0 has no
(real) solutions because its discriminant is negative. Therefore the graph of the function
f(x) = x3 − x2 − x− 2 has one x-intercept.

It is interesting to find out if the graph of an arbitrary cubic function intersects the x axis.
Not each quadratic function has zeros. For example the graph of y = x2+x+1 is a concave
up parabola that lies in the upper half plane and does not intersect the x-axis at all. The
situation with cubic functions is different. It is easy to explain intuitively that any cubic
function intersects the x axis, but a rigorous proof is a topic the first year of the university
study. The graph of a cubic function is continuous on R, which, roughly speaking, means
that the graph is an unbroken line. If the parameter a in y = ax3 + bx2 + cx+d is positive,
then the function is positive for large positive x, and it is negative for negative x with
large absolute value. It must intersect the x-axis somewhere in between. If a < 0, then the
function is negative for large positive x, and it is positive for negative x with large absolute
value. Again, it must be equal to zero somewhere in between. Hence any cubic equation
ax3 + bx2 + cx + d = 0 must have at least one solution.

We count double roots as two coinciding solutions, and triple roots as three coinciding
solutions. In this sense, the equation x(x − 2)2 = 0 has three solutions, x = 0 is a single
root, and x = 2 is a double root. An example of a triple root is x = 2 in the equation
(x− 2)3 = 0.

Question 3. Show that if a cubic equation x3 + bx2 + cx+d = 0 has two real solutions,
x1 and x2, it has also a third real solution x3. Show that

(1) x1 + x2 + x3 = −b.
In this question two or all three numbers x1, x2, x3 could coincide.

Note that Eq. (1) implies also that if b is an integer, and a cubic equation has two
integer roots, then the third root exists and is an integer too.
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3. Elliptic curves

The graph of the function y = x3 + 1 can be sketched by shifting the function y = x3 by
one unit upwards. It is the blue curve on Figure 1. We use this graph and sketch a curve
given by y2 = x3 + 1. First of all y2 ≥ 0, therefore x ≥ −1. This curve has two symmetric,
with respect to the x-axis, branches, y = ±

√
x3 + 1 (orange and green lines on Figure 1).

The function y =
√
x3 + 1 is concave down for −1 ≤ x ≤ 0 and concave up for x ≥ 0.

(Check this!)

Figure 1. Curves given by y = x3 + 1, and y2 = x3 + 1

Question 4. Sketch the graph of the cubic function y = x3 − x. Use this graph and
sketch the graph of the equation y2 = x3 − x. Find its x-intercepts, its local minima and
maxima.

The graphs for the equations y2 = x3 − x, y2 = x3 + 1 are examples of elliptic curves.
More general, elliptic curves can be described by the equation y2 = x3 + Bx + C. The
expression 4B3+27C2 is the discriminant of the cubic equation y = x3+Bx+C. We exclude
double or triple roots of the cubic equation by not allowing the discriminant to be zero,
4B3 +27C2 6= 0. Then the curves intersect the x-axis in one or in three points. The graphs
of the equation y2 = x3 + Bx + C are symmetric with respect to the x-axis. They have a
geometric property, which makes it possible to define the operation of addition of points
on the elliptic curve. We start with two different points, P = (x1, y1) and Q = (x2, y2),
where x1 6= x2.
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Example. Consider the straight line that passes through the points P = (−1, 0) and
Q = (0, 1) on the elliptic curve y2 = x3 + 1. The equation for the straight line is y = x+ 1.
It intersects the elliptic curve at the point (x3, y3) when (x+ 1)2 = x3 + 1. This gives us a
cubic equation x3 − x2 − 2x = 0. Instead of solving the equation, we can use Eq. (1) and
calculate x3 from 0 + (−1) + x3 = −1. We get x3 = 2, and y3 = x3 + 1 = 3. See Figure 2.
We define the sum of two points P and Q as the point R which is symmetric to the point
(x3, y3) with respect to the x-axis. In order to add a point S to itself, as in Figure 3, we draw

Figure 2. The straight line that passes through the points P and Q on the
curve y2 = x3 + 1 intersects the curve in the third point (2, 3). The point
R = (2,−3) is symmetric to (2, 3) around the x-axis. We define R = P +Q.

a tangent line at the point S, find the intersection of the tangent with the elliptic curve,
T ′, and take its mirror image with respect to the x-axis, T . We say that S + S = 2S = T .
See Figure 3. More general, if we draw a straight line y = mx+k through two points lying
on the curve y2 = x3 +Bx+C, the straight line intersects the curve in a third point. (Two
or even all three points can coincide.) Indeed, we need to solve (mx + k)2 = x3 + Bx + C,
which is equivalent to a cubic equation x3 −m2x2 + (B − 2mk)x + C = 0. From Eq. (1),
if two solutions exist, then the third solution must exist as well.

Question 5. Consider the points V = (0, 1) and W = (0,−1) on the elliptic curve
y2 = x3 + 1. Find 2V and 2W .

We have defined the sum of two points for any two points on the elliptic curve that have
different x-coordinate or coincide. But what is the sum of two points that belong to one
vertical line, as for example K+L in Figure 4? The equation for the line can not be written
in the form y = mx+ k, it is given by x = a, where a is a constant. It intersects the curve
y2 = x3 +Bx+C at the points (a,

√
x3 + Bx + C) and (a,−

√
x3 + Bx + C). To make the
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Figure 3. The line ST ′ is a tangent to the curve

definition of the sum valid for all points, we add one virtual point to the curve, and we call
this point infinity. Any vertical line that passes through two points belonging to the curve
(the points may coincide), intersects the elliptic curve in the third point, in infinity. The
infinity point plays the role of the neutral element, i.e. the zero, and we denote this point
by O. Indeed, take any point, for example K. For constructing K +O we plot the vertical
line that goes through K, find the intersection of the line with the curve, which is L, and
take its mirror image, which is K. Hence for any point K on the curve K + O = K.

Figure 4. The vertical line KL intersects the elliptic curve at the infinity
point O, hence K + L = O and K = −L
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4. Arithmetics with points on an elliptic curve

We introduced the operation of addition on an elliptic curve. This operation has prop-
erties similar to the properties of the addition of numbers. For any points P , Q, R on an
elliptic curve

1. P + Q = Q + P ,
2. (P + Q) + R = P + (Q + R),
3. there exists a zero element such that P + O = P ,
4. there exists the inverse −P for each point P such that P − P = 0.

Question 6. Prove the first property above.

Question 7. Find the inverse to the point (−1, 0).

Elliptic curves used for cryptography are the curves over finite fields, not over real
numbers. You will learn about fields and finite fields if you study mathematics at university.
Here we just play the following game. Consider the elliptic curve in Figure 5.

Question 8. The elliptic curve on Figure 5 is of the form y2 = x3 + Bx2 + Cx + D,
where B, C, and D are integers. Find the coefficients B, C, and D.

Figure 5

Question 9. Decipher the message:
S + O, C + D, S + E, 3D, 2S, O − E, 3S, E + T , −S, O + E.

Question 10. Use the letters that you see in Figure 5 and the letter O, and build more
words. Encipher these words.


