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1. Random Points on the Number Line

We play here with real numbers viewed as points on the number line and with probabil-
ities.

1. We choose randomly a number, which is greater than -1 and less than 2. What is
the probability of this number being positive? negative? zero?

2. We choose randomly any point on the number line. What is the probability of this
point being greater than -1 and less than 2?

3. We choose randomly any point on the number line. What is the probability to hit
an integer?

4. How many real numbers are greater than -1 and less than 2? How many integers
are greater than -1 and less than 2?

5. A real number can be rational or irrational. How do you define a rational number?
an irrational number? If you have not learned it in school yet, you can google.

6. How many rational numbers are in the interval
(
0, 1

1000

)
? How many irrational

numbers are in this interval?

Interesting fact. Rational numbers are everywhere dense on the number line. This
means that in any interval, no matter how small it is, we can find some (actually infinitely
many) rational numbers. But if we randomly choose a real number on the number line,
the probability of choosing a rational number is zero.
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2. Random Points on the Plane

In this section we want to understand the relationship between area and probability.
The probability of hitting a shaded region is the ratio of the area of the shaded region and
the total area.

1. We randomly shoot a point into the circle. What is the probability to hit the
shaded region? See Figure 1.

Figure 1

2. We randomly shoot a point in the square, what is the probability to hit the shaded
region? See Figure 2.

Figure 2

3. A wheel of fortune is a disc that is divided into 25 equal sectors. Each sector is
labeled with one of the numbers from 1 to 25. What is a probability to spin an
even number? What is a probability to spin a number that is a multiple of 3? a
multiple of 5?

4. In the Cartesian coordinate system, sketch the square with vertices (0, 0), (0, 1),
(1, 0), and (1, 1).
(a) Shadow the region where the horizontal coordinate is greater than 0.8, and

the vertical coordinate is less than 0.3. If we throw randomly a point into the
square, what is the probability to hit the shaded region?

(b) Shade the region in the square where y < 2x. What is the probability to hit
the shaded region?
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(c) Shade the region in the square where y ≥ x2. What is the probability to hit
the shaded region? You need to know about integration for this part of the
question. If you have not studied the integration yet, you can divide the square
into many small squares, and calculate the probability approximately.

3. Playing with Matches and the Number π

In this section we will play with matches, and estimate the number π. It works in the
following way. We need a paper sheet with parallel lines, and matches. We randomly throw
N matches over the paper and count how many of them intersect the lines. If the distance
between the lines is h, the length of a match is l, and the number of matches that intersect

the lines is n, we approximate the number π by π ≈ 2ln

hN
. Try this! You could take only

one match (or needle, or a small stick) of the length l, throw it N times, and calculate how
many times it intersects the parallel lines. What is your approximation of π?

As mathematicians, we want to understand where the formula π ≈ 2ln

hN
comes from.

You can do this by yourself by solving all questions below. Each question is one step to the
solution. We assume in our calculations that the length of a match is less than distance
between parallel lines, l < h.

1. We mark on the straight line points that have the distance h to their neighbours.
See Figure 3. We choose randomly a segment on the line of the length d, d < h.
What is the probability that the segment contains one of the marked points? (Hint:
Find out what should be the position of the left end of the segment on the number
line.)

Figure 3

2. We denote the angle between a match and the parallel lines by α. This angle can
be between 0◦ and 180◦. See Figure 4. The length of the projection of the match
to the vertical line is d. Express d trough the length of the match l and the angle
α. (You need to know trigonometric functions for this.)
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Figure 4

3. We sketch a rectangle in the Cartesian coordinate system with one vertex at (0, 0),
with the horizontal side of length π = 180◦, and the vertical side of length h, see
Figure 5. Each point inside the square describes the position of a match. The
first coordinate gives us the angle α, (0 ≤ α < 180◦) the second is the distance
x between the bottom end of the match and the first line above this bottom end
(0 ≤ x < h).

Figure 5

Figure 6 shows the position of the match that corresponds to the marked point
on Figure 5.
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Figure 6

4. Use the formula derived in Q2 and mark in the rectangle the area that corresponds
to the position of the match where it intersects the parallel lines.

5. Find the area of the marked region. (You need to integrate for this question.)
6. Find the probability of the match intersecting the parallel lines. (The answer should

be P = 2l
πh .)

7. This is the last step! The probability of a match to hit a line can be approximated
by P = n

N , where N is the number of matches, and n is the number of matches

that intersect a line. Hence
2l

πh
=

n

N
, from which you can derive the formula for

π.


