
PUZZLES WITH DIMENSIONS – SOLUTIONS

JELENA SCHMALZ

1. One-, two-, and three-dimensional spaces and creatures

• Question 1. What is a zero-dimensional space? What might a zero-
dimensional creature look like?

Zero-dimensional space is a point. The only possible creature in this space is the
point itself.

• Question 2. What can you say about the variety of one-dimensional
creatures compared to the variety of two-dimensional creatures?

One-dimensional creature, if contained in one part, can be only a segment on
the line. The shapes for two-dimensional creatures have much more variety.

• Question 3. Which of the two-dimensional creatures drawn as smiley-
faces on Figure 1 can escape their cage? They are not allowed to leave
the plane.

The creature on Figure 1(a) can escape the cage, and the creature on Figure
1(b) can not escape.

(a)                                         (b)

i
i.

.

.

Figure 1. Which of the two-dimensional creatures can escape a cage?
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• Question 4. Assume that a one-dimensional snake is not symmetrical,
i.e. has a head and a tail. Find a comfortable curve for it to live on, so
that the snake can make a turn on the curve. The snake wants to be
able to pass any segment on the line in both directions with its head in
front.

It could be for example a line with a loop.

2. Cubes in Dimensions one, two, three, and four

• Question 5. Fill out the table below. What is the volume of a one-,
two, three-, or four-dimensional cube with the sides one, two, three,
or 1/2 metres? A one-dimensional cube is a straight line segment, the
two-dimensional cube is a square. Even if you can not imagine the four-
dimensional cube, you can nevertheless guess its volume.

Volume 1dim cube 2 dim cube 3 dim cube 4 dim cube
1m 11 = 1m 12 = 1m2 13 = 1m3 14 = 1m4

2m 21 = 2m 22 = 4m2 23 = 8m3 24 = 16m4

3m 31 = 3m 32 = 9m2 33 = 27m3 34 = 81m4

1
2 m (12)1 = 1

2 m (12)2 = 1
4 m

2 (12)3 = 1
8 m

3 (12)4 = 1
16 m
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3. Fractal dimensions

• Question 6. Similar to the Sierpinski carpet we can construct a cube.
Start with a cube with the side 3, divide it into 27 cubes with the side
1, cut out the middle one. Each of the cubes with the side 1 divide in
27 cubes with the side 1/3 and cut out the middle ones. Repeat the
procedure infinitely many times. What is the dimension of this figure?

A corner cube with the side 1 is similar to the cube with the side 3. There
are 26 cubes with the side 1 containing in the large one. Hence 3d = 26, and
d = log3 26 ≈ 2.97.

• Question 7. Now start the same procedure with a line segment. Describe
the figure and find its dimension. This figure has its own name, the
Cantor set.

3d = 2, hence d = log3 2 ≈ 0.63.

• Question 8. How many four-dimensional cubes with the side 1 are in
the four-dimensional cube with the side 3? We cut out the cube in the
middle and repeat the procedure with the rest of the cubes, infinitely
many times. What is the dimension of the resulting figure?
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There are 34 = 81 four-dimensional cubes with the side 1 in the 3× 3× 3× 3 cube.
If we cut off one cube, 80 cubes are left. 3d = 80, and d = log3 80 ≈ 3.99.

One method to calculate the fractal dimension, which works also for non repetitive
fractals, is the following. Assume a two-dimensional square and a curve or a figure inside
this square. Obviously the square contains at least one point of the curve. We divide each
side of a square by two, get four equal squares, and count how many squares contain at
least one point. We continue this procedure of division, and each time count the number
of non empty squares. On the n-th step we divided the big square into small squares with
sides (1/2)n. We denote the number of non empty squares with N . Then, the “average
area” for a small square, is 1

N parts of the big square. Observing the behaviour of a number
d such that d satisfies ((

1

2

)n)d

=
1

N
,

we realise that for increasing n the number d is closer and closer to one particular number,
and we call that number the dimension of the figure. We can express it in the formula

d = lim
n→∞

log2N

n
.

• Question 9 Check if this method really works for a two-dimensional figure
as in Figure 2 shadowed red. It is a four times four square without the
upper right square with side = 1.
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Figure 2. Does the method above really works for this two-dimensional figure?

We divide the sides of the square in two equal parts, and get four squares, each of
them contains red coloured parts, i.e. n = 2, and N = 4. Next step divides each side in
n = 22 = 4 equal parts, and N = 15 squares from 16 squares are coloured. We continue
the process, n = 24, N = 28 − 22, . . . . On the n-th step we get (2n)2 little squares, one
sixteenth of them are not coloured. Hence N = 22n − 1

16 · 22n = 15
16 · 22n.

Now we calculate
log2N

n
.

The numerator is

(1) log2N = log2

(
15

16
· 22n

)
= log2

(
15

16

)
+ log2

(
22n
)

= log2

(
15

16

)
+ 2n.



4 JELENA SCHMALZ

(2)
log2N

n
=

log2
(
15
16

)
+ 2n

n
= 2 +

log2
(
15
16

)
n

≈ 2 − 0.09

n
.

The larger is n, the closer is the ratio 0.09
n to zero. Hence

(3) d = lim
n→∞

log2N

n
= lim

n→∞

(
2 +

log2
(
15
16

)
n

)
= 2.

We can conclude that the red coloured figure has the dimension two.


