
THE EXTREMAL PRINCIPLE
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In 1893, the following question was asked by James Joseph Sylvester in Educational Times.

Let n given points have the property that the line joining any two of them passes through a
third point of the set. Must the n points all lie on one line?

Figure 1 shows a configuration with six points and the nine lines obtained by joining any pair of two of these
six points. In this particular example, there are six lines which contain exactly two points, and three lines
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Figure 1. A configuration with six points and nine connecting lines, six of which are ordinary
(indicated in blue).

containing three points. Let us call the lines determined by pairs of the given points connecting lines, and let
us say that we call a connecting line ordinary if it passes through exactly two of the given points. Sylvester’s
problem can then be restated as the question if every finite set P of points determines at least one ordinary
line unless all the points of P lie on the same line.

No solution was offered at the time, and the problem reappeared 40 years later when Paul Erdős conjectured
that for any n > 3 non-collinear points there is always a line passing through exactly two of them. Erdős
wrote in 1982 “I expected it to be easy but to my great surprise and disappointment I could not find a proof.
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I told this problem to Gallai who very soon found an ingenious proof.” This proof by Tibor Gallai is rather
difficult, and a bit later Leroy Milton Kelly came up with the following simple argument.

Let us assume that the points in P lie not all on the same line, and let L be the set of connecting lines.
For every connecting line l ∈ L and every point p ∈ P , let dist(l, p) be the distance between l and p. Let X
be the set of positive real numbers obtained by collecting all the numbers dist(l, p) where l is a connecting
line and p ∈ P is a point not on l. By assumption, X is not empty, because for every connecting line l there
is at least one point in P which does not lie on l. As a consequence X is a finite set of real numbers, and
therefore it has a minimal element, say d0. We can pick a pair (l, p) with l ∈ L, p ∈ P and dist(l, p) = d0 (see
Figure 2a). We claim that l must be an ordinary line. Otherwise it contains at least three points q1, q2, q3 ∈ P
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(b) If l is not ordinary then it contains (at least) three
points q1, q2, q3 ∈ P .
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(c) d1 = dist(l′, q2) < dist(l, p) = d0.

(see Figure 2b). Without loss of generality, q2 and q3 are on the same side of the line through p perpendicular
to l, and q3 is further away from this perpendicular line than q2 (just as indicated in Figure 2b). But then
the distance between q2 and the connecting line l′ determined by p and q3 is less than d0, which is impossible
because d0 was chosen as the minimal element of X.

We have shown that every non-collinear set of points determines at least one ordinary line. The obvious
next step is to ask for the minimum number of ordinary lines determined by a configuration of n points. This
problem has been studied a lot, and it is still not completely solved.

The above solution for Sylvester’s problem is a nice illustration for a widely applicable problem solving
strategy, called the extremal principle. If you want to show that in a collection of objects there must be one
with a certain property, then it is often helpful to pick an object which is extremal in some sense, and then use
this extremal property to show that the object has the required property. In Sylvester’s problem, we wanted
to show that among the connecting lines there is an ordinary one. We picked a (line,point)-pair (l, p) with the
extremal property of minimum distance, and then it was rather easy to show that his forces the line l to be
ordinary. Very often the application of the extremal principle boils down to one of the following statements.
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(1) Every finite set of real numbers contains a minimal and a maximal element.
(2) Every (finite or infinite) set of positive integers contains a minimal element.

Note that the finiteness assumption in the first statement cannot be omitted: The set of real (or rational)
numbers strictly between 3 and 4 has neither a minimal nor a maximal element. The second statement is
called the well-ordering principle and is equivalent to the principle of mathematical induction.

As another illustration for the use of the extremal principle we present the following proof that
√

2 is
irrational, or equivalently, there is no positive integer n such that n

√
2 is integer. Suppose the claim is wrong,

and there is such a positive integer. Then by the well-ordering principle there must be a smallest positive
integer k with the property that k

√
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√

2 and k are integers, and it is positive because
√

2 > 1. Furthermore k′ = k(
√
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√
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this is impossible because k was chosen as the smallest positive integer with this property.

Problems

(1) Each lattice point of the plane is labeled by a positive integer. Each label is the average of its four
neighbours (above, below, left and right). Show that all the labels are equal.

(2) 2n + 1 persons are placed in the plane such that their mutual distances are distinct. Then everybody
shoots their nearest neighbour. Prove the following statements.
(a) At least one person survives.
(b) Nobody is hit by more than five bullets.
(c) The paths of the bullets do not cross.

(3) There are n points in the plane, and any three of them form a triangle of area at most 1. Show that
there exists a triangle of area at most 4 which contains all n points.

(4) There are 20 countries on a planet. Among any three of these countries there are always two without
diplomatic relations. Prove that there are at most 200 embassies on the planet.

(5) There are n identical cars on a circular track. Together they have just enough gas for one car to
complete a lap. Show that there is a car which can complete a lap by collecting gas from the other
cars on its way around.
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