
THE IMPOSSIBILITY OF COMPLETE DISORDER

THOMAS KALINOWSKI

In 1928 Frank Ramsey started a branch of mathematics which is concerned with looking for ordered struc-
tures in very large systems which as a whole might look very chaotic and unstructured. The underlying
intuitive idea is that in certain situations some amount of structure must emerge just due to the size of the
considered system. In other words in large systems it is impossible to avoid some amount of order.

To make this a bit more concrete, let’s look at a simple example. We consider a room with six people in
it, and assume that any two of these people are either friends or strangers. We can now ask the question if,
without any additional assumptions, we can always guarantee that there are three people who are friends with
each other or three people who do not know each other. One nice feature of Ramsey theory is that one can
draw pretty pictures which tend to be extremely useful in thinking about the mathematical problem. In our
example we can represent the people by dots, and we can connect any pair of friends by a red line, and any
pair of strangers by a blue line. The result might look like this:

Our initial question if there are three friends or three strangers is the same as asking if the picture contains
a red triangle (corresponding to three friends) or a blue triangle (corresponding to three strangers). In the
example above, it is not difficult to find a blue triangle. Now let’s see if we can somehow convince ourselves
that no matter how the connecting lines are coloured, there will always be a red triangle or a blue triangle.
We start by fixing one of the dots and observe that among the five lines connecting this dot to the other dots
there must be at least 3 red lines or at least 3 blue lines.
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?

Let’s suppose there are (at least) three red lines leaving our fixed dot.

Now either two of the three dots connected to our fixed dot by a red line are connected to each other by
a red line (creating a red triangle), or these three dots are connected pairwise by three blue lines (creating a
blue triangle):

or

In general, for positive integers m and n, the Ramsey number R(m,n) denotes the smallest number K
such that among any K people there are always three mutual friends or three mutual strangers. The above
argument shows that R(3, 3) 6 6. The following picture illustrates that five people are not enough to guarantee
that there are three friends or three strangers among them. In other words, R(3, 3) > 5, and consequently
R(3, 3) = 6
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For larger values of m and n, the determination of R(m,n) is very difficult, and quite a few excellent
mathematicians are working on this. Under plus.maths.org/content/os/issue16/features/ramsey/index it is
described how to determine R(3, 4) and R(4, 4), and how to find some general bounds for R(m,n). Under
en.wikipedia.org/wiki/Ramsey%27s theorem there is a lot of additional information, and a table of what’s
known about the R(m,n) for small values of m and n. Regarding the difficulty of finding exact values for
R(m,n), there is a nice quote by the great mathematician Paul Erdős:

Suppose aliens invade the earth and threaten to obliterate it in a year’s time unless human be-
ings can find the Ramsey number for red five and blue five. We could marshal the world’s best
minds and fastest computers, and within a year we could probably calculate the value. If the
aliens demanded the Ramsey number for red six and blue six, however, we would have no choice
but to launch a preemptive attack. (Source: https://en.wikiquote.org/wiki/Paul Erd%C5%91s)

Problems

(1) (a) Colour the numbers 1, 2, 3, 4 with red and blue in such a way that whenever a and b (possibly
a = b) have the same colour then a + b has a different colour (or is larger than 4)? Can you do
the same for the numbers 1, 2, 3, 4, 5?

(b) How far do you get with three colours? That is, find the largest n such that the numbers 1, 2, . . . , n
can be coloured with three colours, say red, blue and green, such that whenever a and b (possibly
a = b) have the same colour and a + b 6 n then the colour of a + b is different from the colour of
a and b.

By the way, nobody knows the answer for five colours.
(2) (a) A point (x, y) in the plane R2 is called a lattice point if both coordinates x and y are integers.

Can you select five lattice points such that none of the midpoints of any pair of selected points is
a lattice point?

(b) A point (x, y, z) in R3 is called a lattice point if all three coordinates x, y and z are integers. Can
you select nine lattice points such that none of the midpoints of any pair of selected points is a
lattice point?

(3) In a 3× 4-rectangle, can you find six points such that the pairwise distances between these points are

all larger than
√

5? Note that you are allowed to take any points in the rectangle, not only lattice
points. For instance, taking the corners and intersection of the diagonals yields five points such that
all the pairwise distances are at least

√
6.25.

(4) The set {1, 2, . . . , 9} is coloured with red and blue. Is it possible to avoid that there are three numbers
a, b and c which have the same colour such that c is the average of a and b, that is, c = (a + b)/2?

(5) Arrange the integers 1, 2, . . . , 100 into a sequence (a1, a2, . . . , a100) in such a way that there is no
increasing subsequence of length 11 and no decreasing subsequence of length 11. A subsequence of
length 11 is any sequence of the form (ai1 , ai2 , . . . , ai11) with 1 6 i1 < i2 < i3 < · · · < i11 6 100.
Can you do the same for the numbers 1, 2, . . . , 101?
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