
THE EXTREMAL PRINCIPLE

(1) Each lattice point of the plane is labeled by a positive integer. Each label is the average of its four
neighbours (above, below, left and right). Show that all the labels are equal.

Solution. Every set of positive integers contains a smallest element. Let m be the smallest label,
and consider a lattice point with label m. Let a, b, c and d be the labels of its neighbours. It follows
from a, b, c, d > m (because m is the smallest label) and m = (a+ b+ c+d)/4 that a = b = c = d = m.
Continuing this way, all lattice points have label m.

(2) 2n + 1 persons are placed in the plane such that their mutual distances are distinct. Then everybody
shoots their nearest neighbour. Prove the following statements.
(a) At least one person survives.
(b) Nobody is hit by more than five bullets.
(c) The paths of the bullets do not cross.
Solution.

(a) For k > 3 it is not possible that there are k persons, say A1, A2, . . . , Ak such that A1 shoots A2,
A2 shoots A3, etc. and finally Ak shoots A1, because otherwise the distance between A2 and A3

is less than the distance between A2 and A1, and continuing this way we obtain the inequality
chain A1A2 > A2A3 > · · · > Ak−1Ak > AkA1 which would imply that A1 shoots at Ak instead of
A2. There might be some pairs (A,B) such that A shoots at B and B shoots at A, but since there
is an odd number of persons in total, there is at least one person which is not involved in such a
pair. Let A0 be one of those, and suppose A0 is shot by A1, A1 is shot by A2, etc. Continuing
this way we cannot create a cycle (by the argument above), so the process must terminate with
some person Ak which is not shot by anyone, and this is the required survivor.

(b) Suppose X is a person such that six persons A1, A2, . . . , A6 shoot at X, and they appear in this
order when X looks around themselves in clockwise order. From A1X < A1A2 and A2X < A2A1

it follows that A1A2 is the longest side of the triangle A1A2X, and consequently ∠A2XA1 > 60◦.
By the same argument ∠A3XA2 > 60◦, ∠A4XA3 > 60◦,. . . ,∠A1XA6 > 60◦. So the six angles
add up to more than 360◦ which is the required contradiction.

(c) Suppose the paths of the bullets from A to B and from C to D intersect in X as illustrated in
the following picture:
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By the triangle inequality AD < AX + XD and CB < CX + XB. Taking the sum we obtain

AD + CB < AX + XD + CX + XB = (AX + XB) + (CX + XD) = AB + CD.

As a consequence, we have AD < AB or CB < CD, and it cannot happen that A shoots at B
and C shoots at D.
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(3) There are n points in the plane, and any three of them form a triangle of area at most 1. Show that
there exists a triangle of area at most 4 which contains all n points.

Solution. Let A, B and C be three of the n points which form a triangle of maximum area.
Consider the line l1 through C which is parallel to AB. All n points lie on the same side of l1 as A
and B, because if X is a point on the other side, then the area of the triangle ABX is larger than the
area of the triangle ABC. Similarly, for the line l2 through B and parallel to AC, all n points are on
the same side of l2 as A and C, and for the line l3 through A and parallel to BC all all n points are
on the same side of l3 as B and C. Therefore, all n points are in the triangle formed by the lines l1,
l2 and l3, whose area is four times the area of ABC, hence at most 4 by assumption.
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(4) There are 20 countries on a planet. Among any three of these countries there are always two without
diplomatic relations. Prove that there are at most 200 embassies on the planet.

Solution. Let A be a country which the maximum number of diplomatic relations, and let x be the
number of countries which have diplomatic relations with A. Any two countries which have diplomatic
relations with A don’t have diplomatic relations which each other, so each of these x countries has
relations with at most 20 − x countries. The other 20 − x countries have relations with at most x
countries (because x was chosen maximal). As a consequence, the total number of pairs of countries
with diplomatic relations is at most
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(x(20 − x) + (20 − x)x) = x(20 − x) 6 100.

Since each of these pairs creates two embassies (one in each country), we have at most 200 embassies.
Note that this is a special case of Mantel’s theorem in extremal graph theory.

(5) There are n identical cars on a circular track. Together they have just enough gas for one car to
complete a lap. Show that there is a car which can complete a lap by collecting gas from the other
cars on its way around.

Solution. Assume for a moment that a car can continue driving when the tank is empty, and this
results in a negative gas level. Imagine the first car just finishing the lap this way, always collecting
the gas from the cars it meets on its way. At some point during its lap the gas level is lowest, and
that must be when it meets another car and refuels. This car can complete the lap without running
into negative gas levels.


