
PUZZLES WITH MIRROR SYMMETRIES AND INVERSIONS –

SOLUTIONS

JELENA SCHMALZ

1. Reflection

Question 1 Cut a square from a rectangular sheet A4, using only scissors. You can
fold the paper.

Figure 1
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Question 2 Cut a regular octagon from the paper square, by folding the paper and
using only scissors.

Figure 2

Question 3 A figure has two axes of symmetry. What is the angle between these
axes of symmetry?

If a figure has two and only two axes of symmetry, the axes must be perpendicular
to each other. Indeed, we choose one axis of symmetry, l1. Take the mirror image
of the other axis of symmetry. As there are only two axes of symmetry, l2 must
coincide with its reflection, which happens if l1 and l2 are perpendicular to each
other.
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Question 4 Each of the four diagrams in Figure 3 shows two symmetry axes and
a segment. Sketch the figure that is the image of the segment in the
mirrors.

Figure 3
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Question 5 Show that the shortest path from a point A to a line l is the path along
the line that is perpendicular to l. See Figure 4.

We connect the point A and the mirror image of A by a straight line. The path
AA′ along the straight line is the shortest between these two points. Any other
path from A to any other point on l can be reflected around l, build a path between
A and A′, and any such path will be longer than the path along the straight line
AA′. From the second axiom we know that AA′ is perpendicular to l.

Figure 4

Question 6 Given points C and D on the one side of the axis of symmetry l, find
the point M on the line l such that the sum of distances CM + MD is
the shortest. See Figure 5.

We construct point C ′ which is symmetrical to C with respect to the line l, and
connect points D and C ′ with a straight line. The point of intersection of the lines
l and DC ′, M , is the desired point. The sum of distances CM + MD is equal to
C ′M + MD, and the shortest of paths between C ′ and D is the path along the
straight line.
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Figure 5

2. Constructions with compass and ruler

Question 7 Construct the line that passes through the point A and that is perpen-
dicular to l if the point A belongs to the line l.

First we mark points M and N on the straight line such that MA = AN , see
the blue circle in Figure 6. Now we sketch two equal circles, with the radius greater
than the radius of the blue circle, and with the centres at points M and N . The
red circles intersect in points K and L. Points K and L are symmetrical to each
other with respect to the straight line MN , hence KL is perpendicular to MN .

Figure 6

Question 8 Disect a given segment in two equal parts.
Let us disect the segment MN in Figure 6. We construct the perpendicular

KL to the segment as we did it in Q7. The point of intersection MN and KL, A,
divides MN in two equal parts. Indeed, as two red circles have the same radius, KL
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is an axis of symmetry for this construction, hence MA and AN are symmetrical
to each other. By first axiom their length are equal.

Question 9 Disect a given angle in two equal parts.
First we mark two points A and B with the same distance to the vertex, see
Figure 7. Then we draw two equal circles with the centres at A and B. Line l
passes through the vertex and intersection points of the purple circles, and l is the
symmetry axis. Hence l divides the angle in two equal parts.

Figure 7

Question 10 Given three points on the plane, which do not lie on one single line.
Draw a circle through these three points. Why does this not work if the
three points lie on one line?

Denote the three points by A, B, and C. We want to find the point O such
that AO = BO = CO = R, where R is the radius of the desired circle. All points
that have an equal distance to A and to B build the straight line l1, which is
perpendicular to AB and disects AB in two equal parts. (This follows from the
symmetry with respect to l1.) Similar the set of all points that have the same
distance to B and C, is the straight line l2, which is perpendicular to BC and
disects BC in two equal parts. These two lines, l1 and l2, intersect at the point O.
As AO = BO, and BO = CO, we conclude that AO = BO = CO. Now we press
one leg of the compass to O, another leg to A, and draw the desired circle.

If A, B, and C belong to one line, they are not lying on one circle. In the
construction above, the lines l1 and l2 would be parallel, and would not intersect.
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Figure 8

3. Inversion

Question 11 See Figure 9. Assume that the straight line P ′T is the tangent at T to
the circle with the radius R and the centre O and that the line TP is
perpendicular to OP ′. Prove that OP ·OP ′ = R2.

Figure 9

The tangent P ′T is perpendicular to the radius OT . The angle POT is a common
angle for triangles OPT and OP ′T , hence the two triangles are similar. Conse-
quently OP

OT = OT
OP ′ , and OT 2 = R2 = OP ·OP ′.
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Question 12 Use the result from the Question 11 to construct the inversion of the
point P

(a) if P is inside the circle,
Sketch the ray OP , construct the perpendicular to OP at point P . The perpendic-
ular line intersects the circle at point T . A tangent at T can be constructed as a
perpendicular to OT . The tangent line intersects the ray OP at the desired point
P ′. See Figure 9.

(b) if P is outside the circle.
It seems that this question is very similar to part (a). First we draw the tangent
PT , and the ray OP , then the perpendicular from the point T to OP , they intersect
at the desired point P ′. We have already learned how to let fall a perpendicular
with the use of a compass and a ruler, but we need to find out how to draw a
tangent from a given point to a given circle.

Figure 10

Figure 11 shows the given (black) circle with the centre at O and the point P .
First we draw the segment OP , and find the middle point O′. The green circle
with centre O′ and the radius OO′ = O′P intersects the black circle at T . The
triangle OTP is a right triangle, because its hypothenuse is the diameter of the
circle. Hence TP is the desired tangent line.
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Figure 11

Question 13 What is the inversion image of a circle with the radius r about the circle
c with the radius R, if the circles have the same centre O? Consider
three cases, r = R, r > R, and r < R.
A circle is the set of all points placed in a distance r from the point called the
centre. The inversion of each of these points is the point with the distance r′ from
the same centre, with r′r = R2. The inversion of a circle with radius r is the circle

with radius r′ = R2

r . If r = R, then the circle coincides with its inverse. If r < R,
then r′ > R, and if r > R, then r′ < R.

Question 14 What is the inversion of a circle with the radius r that lies inside the
circle c and touches it in only one point T . Consider three cases,
0 < r < 1

2R, 1
2R < r < R, and r = 1

2R.

We start with the case r = 1
2R, see Figure 12. For any point P on a small circle we

construct the inverse point P ′. The line through P and perpendicular to OP hits the point
T . It happens because for any P on the small circle triangles OPT are right triangles,
as the hypothenuse, OP , coincides with the diameter of a circle. All points P ′ are the
intersection points of rays OP and the tangent through the point T , i.e. they all lay on
the tangent line. The inverse of the centre O is the infinity.

Figure 12
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Consider the case r < 1
2R, see Figure 13. We want to show that the inversion of the circle

with the radius r is the other circle that touches c at the point T . Choose the coordinate
system so that the x-axis goes through the centres of both circles, O and O′, and the
origin is at point O. Then the coordinates of O′ are (R − r, 0). Denote the coordinates of
P = (x, y), and P ′ = (a, b). Then the small circle with the centre O′ and the radius r is
described by the equation

Figure 13

(1) (x− (R− r))2 + y2 = r2.

This equation follows from the definition of the circle and the Pythagoras Theorem. The
proportions below follow from the similarity of two triangles, one with the sides OP , x,
and y, another with the sides OP ′, a, b,

(2)
x

a
=

y

b
=

OP

OP ′
=

√
x2 + y2√
a2 + b2

.
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As points P and P ′ are inverse to each other, OP ·OP ′ = R2, i.e.

(3)
√
x2 + y2 ·

√
a2 + b2 = R2,

and

(4)
√
a2 + b2 =

R2√
x2 + y2

,

From this and Eq. (2) we find the coordinates of the point P ′,

(5) P ′ =

(
R2x

x2 + y2
,

R2y

x2 + y2

)
.

Now we find the coordinates of the centre of the inverse circle, O′′ and its radius, R′. The
inverse to the point of the intersection OO′ and the small circle denote by K. Its invers is

K ′ with OK ·OK ′ = R2, and OK ′ = R2

OK . We note that OK = R − 2r. As O′′ lies in the

middle of TK ′ = OK ′ −R, the radius R′ = 1
2(OK ′ −R). Hence

(6) R′ =
1

2

(
R2

R− 2r
−R

)
=

rR

R− 2r

We want to show that the inversion of the small circle is a circle with the centre O′′ =(
R(R−r)
R−2r , 0

)
and the radius R′. The equation for this circle would be

(7)

(
a− R(R− r)

R− 2r

)2

+ b2 =

(
rR

R− 2r

)2

From Eq.(5)

(8)

(
R2x

x2 + y2
− R(R− r)

R− 2r

)2

+

(
R2y

x2 + y2

)2

=

(
rR

R− 2r

)2

Expanding brackets, multiplying both sides by (x2 + y2)(R− 2r) and collecting like terms
we get

(9) x2 − 2(R− r)x + R2 − 2Rr + y2 = 0,

adding r2 to both sides gives

(10) x2 − 2(R− r)x + R2 − 2Rr + r2 + y2 = r2,

or

(11) (x− (R− r))2 + y2 = r2,

which is Eq. (1) Going the chain of calculations back, we can prove that from Eq. (1)
follows Eq. (8), i.e. the inverse figure is really described by the equation for the circle with
the radius rR

R−2r , the circle is outside of c and touches c at the point T .

We have solved the problem for r < 1
2R.
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For 1
2R < r < R the distance OK = 2r − R instead of R − 2r, OK ′ = R2

2r−R , and

R′ = 1
2

(
R + R2

2r−R

)
= R2

2r−R . See Figure 14 . All other calculations stay the same as in the

previous case.

Figure 14

Figure 15 shows corresponding pictures for all three cases:

Figure 15


