
PLATONIC SOLIDS, THEIR PLANAR GRAPHS, AND THEIR NETS

JELENA SCHMALZ AND THOMAS KALINOWSKI

1. What is a Regular Polygon?

The word polygon comes from ancient Greek, polys = many, gonos - angle or corner. A polygon is a plane
figure. It is bounded by a finite number of straight line segments, we call them the sides of the polygon. An
n-gon has n sides and n vertices. Each side connects two vertices, and two sides have one and only one vertex
in common. The sides do not intersect each other in other points than in the vertices. A polygon is regular if

Figure 1. Examples of regular polygons

all its sides have equal length and the angles between the sides are equal. See examples of regular polygons in
Figure 1.

For any number n > 2 there exist a regular polygon with n sides.

Exercise 1. Give an example of a polygon that has equal sides, but is not a regular polygon. Give an example
of a polygon that has equal angles, but is not regular.

Exercise 2. For which n it is true that if the sides of an n-gon are equal, then it is a regular n-gon?
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2. Polyhedra and their Planar Graphs

A polyhedron is a solid three dimensional figure that is bounded by flat faces. Each face is a polygon. A
polyhedron has vertices, which are connected by edges, and the edges form the faces. The word polyhedron is
an ancient Greek word, polys means many, and hedra means seat, base, face of a geometric solid figure. We
can visualise a three dimensional figure on a two-dimensional sheet of paper. Our imagination helps us to
“see” a three-dimensional solid, as for example in Figure 2. This polyhedron is called a parallelepiped.
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Figure 2. Parallelepiped Figure 3. Planar graph of a parallelepiped

Think of the face 1234 as a window through which you look into the inside of this parallelepiped, so that
you can see all faces (walls) and all edges. From this point of view the two-dimensional picture looks like in
Figure 3.

We continue this game with other polyhedra, see Figures 4 and 5. Here we looked inside the house not
through a wall, but through the floor.

Figure 4. Polyhedron in the form
of a house

Figure 5. One of its planar graphs:
View through the floor

These two-dimensional pictures where one face is the frame of a “window” and all other faces and edges
are sketched inside of the frame, are called planar graphs.

Exercise 3. Sketch a planar graph for the polyhedron in Figure 6. Will the planar graph be different if we
look through different faces?

Exercise 4. Sketch planar graphs for the polyhedron in Figure 7, first looking through the triangle DEF,
then looking through the rectangle EFHG.
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Figure 6. Sketch of a tetrahedron Figure 7. Sketch of a prism

3. Euler’s Formula

For any polygon the number of vertices is the same as the number of sides. This is not the case for
polyhedra. A cube, for example, has six faces, twelve edges, and eight vertices. But there is a relation between
the numbers of vertices, edges, and faces of a convex polyhedron. This relation is described by the formula

F − E + V = 2, (1)

where

• F is the number of faces,
• E is the number of edges, and
• V is the number of vertices of the polyhedron.

This formula is known as Euler’s formula. Leonhard Euler was a Swiss mathematician, who lived in the
eighteenth century, see Figure 8. Nowadays at least 20 proofs of this formula are known. Some of them use

Figure 8. Leonhard Euler (1707 - 1783)

advanced mathematics, but other proofs can be explained in terms of school mathematics. In the following
we present proof number 8 in the list of twenty proofs.

Exercise 5. You may already know that the sum of all angles in a triangle is equal to 180◦ = π. Use this
fact and show that the sum of the angles for a n-gon is π(n− 2).

https://en.wikipedia.org/wiki/Leonhard_Euler
https://www.ics.uci.edu/~eppstein/junkyard/euler/
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Knowing that the sum of the angles of an n-gon is π(n − 2), we can calculate the sum of all angles in a
planar graph of a polyhedron, including the “window” face. The faces of a polyhedron may have different
numbers of sides. For example the house-polyhedron in Figures 4 and 5 has seven 4-gons, plus one 4-gon
which is the “frame”, and two triangles as faces. The sum of all angles of a polyhedron in the planar graph is
π(nface1 − 2) + · · ·+ π(nlastface − 2), where nface is the number of sides of the respective face. The number
of terms in the sum is equal to the number of faces, and the sum nface1 + · · · + nlastface = 2E, because we
have counted each edge twice. Hence the sum of all angles, S, is

S = π(2E − 2F ). (2)

Figure 9 shows how we compute the sum of all angles in a planar graph of a parallelepiped.

Figure 9. Computing the sum of all angles in the planar graph by faces

Now we compute the sum of all angles on a planar graph in a different way. The sum of angles around each
“inner” vertex, e.g. a vertex that is not part of the window frame, is 360◦ = 2π. If the frame is a k-gon, then
the number of internal vertices is V − k, and the sum of the angles around the internal vertices is 2π(V − k).
The k vertices from the frame contribute the angles of a k-gon, which is π(k− 2), and we need to add another
π(k − 2) for the window-face. Altogether we get 2π(V − k) + 2π(k − 2) =

S = 2πV − 4π. (3)

Figure 10. Computing the sum of all angles in the planar graph of a parallelepiped by
vertices. The points 5, 6, 7, 8 are inner vertices
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Comparing Equations (2) and (3), E − F = V − 2, yields Euler’s formula,

F − E + V = 2.

Exercise 6. Follow the proof above and show that Euler’s formula is correct for the polyhedron in the form
of a house, Figures 4 and 5.

4. What is a Regular Polyhedron?

We call a polyhedron regular if all its faces are equal regular polygons. In Figure 11 you can see five
examples of regular polyhedra.

Figure 11. Regular polyhedra, or Platonic solids

There exist only 5 regular polyhedra! Why? We show this using the Euler’s formula, Eq. (1).
First we notice that the faces of a regular polyhedron are equal regular polygons, we denote the number of

sides in each face by m. The number mF gives the sum of all edges, counted twice, 2E,

mF = 2E.

Similarly, we denote by n the number of edges that meet in one vertex. Then

nV = 2E.

Euler’s formula for a regular polyhedron can be written as

2E

m
− E +

2E

n
= 2,

hence

E

(
1

m
− 1

2
+

1

n

)
= 1. (4)

E is a number of edges in a regular polyhedron, which is a positive integer. Hence the expression in the
brackets from equation (4) must be positive, therefore

1

m
+

1

n
>

1

2
. (5)
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There are not many positive integers m > 3 and n > 3 that satisfy the inequality (5). Actually, there are only
five possibilities for such pairs m and n, namely (1) n = m = 3, (2) m = 3, n = 4, (3) m = 4, n = 3, (4)
m = 3, n = 5, and (5) m = 5, n = 3. These five possibilities correspond to the polyhedra shown in Figure 11,
and we will dicuss them separately in the following sections.

5. Tetrahedron

The numbers m = n = 3 satisfy inequality (5). We compute the number of edges E from Eq. (4),

E =
1

1/3− 1/2 + 1/3
= 6,

the number of faces is

F =
2E

m
=

2 · 6
3

= 4,

and the number of vertices is

V =
2E

n
= 4.

This polyhedron is called a tetrahedron, because it has four faces, see Figure 12. In ancient Greek tetra means
four.

Figure 12. Tetrahedron

Its faces are regular triangles (m = 3), and three edges meet in every vertex (n = 3).

Exercise 7. Sketch a tetrahedron. Mark the centre of each face. Connect the marked points by straight line
segments. What is the new polyhedron with the vertices in the marked points?

There are two different nets for a tetrahedron (see Figure 13)

Figure 13. Tetrahedron’s nets
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6. Cube

For m = 3 and n = 4 we obtain the number of edges E = 12, six faces, F = 6, and eight vertices, V = 8.
This polyhedron is called a cube, see Figure 14. In ancient Greek kybos means six-sided die.

Exercise 8. Check that m = 3 and n = 4 implies E = 12, F = 6, V = 8.

Figure 14. Cube

A cube has eight faces, each of them is a square. There are 11 distinct nets for a cube (see Figure 15).

Figure 15. Eleven distinct nets for a cube



8 PLATONIC SOLIDS, THEIR PLANAR GRAPHS, AND THEIR NETS

7. Octahedron

This is the symmetric case to the cube. For the cube we had m = 4 and n = 3, now these values are

swapped, m = 3 and n = 4. The number of edges, calculated by E =
1

1/m+ 1/n− 1/2
is the same as for the

cube (why?), E = 12. The number of faces is eight F = 8, and the number of vertices is 6, V = 6. Compare
these numbers with the numbers of vertices and faces for a cube. This polyhedron is called octahedron, because
in ancient Greek: octa means eight. See Figure 16 for a picture of an octahedron. All eight faces are regular

Figure 16. Octahedron

triangles. Check if F −E + V = 2. There are 11 distinct nets for an octahedron, the same number of nets as
for a cube, see Figure 17.

All nets have eight triangular faces.

Exercise 9. Sketch a cube and mark the centre of each face. Connect each pair of the marked points by a
straight line if the corresponding faces have a common edge. How many vertices has the resulting polyhedron?
How many edges, and how many faces? What is its name?

Exercise 10. Sketch an octahedron and mark the centre of each face. Connect each pair of the marked
points by a straight line if the corresponding faces have a common edge. How many vertices has the resulting
polyhedron? How many edges, and how many faces? What is its name?
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Figure 17. Eleven distinct nets for an octahedron

8. Dodecahedron

The fourth regular polyhedron (m = 3, n = 5) is a dodecahedron (Figure 18), it has twelve faces, (E = 30,
F = 12, V = 20) Dodeca means twelve in ancient Greek.

Figure 18. Dodecahedron

The faces are regular pentagons (n = 5). There are 43380 distinct nets for the dodecahedron! Not enough
space to sketch them on one page. . . Figure 19 shows one of them.
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Figure 19. Net of a dodecahedron

9. Icosahedron

The polyhedron with F = 20, E = 30, V = 12 (of course F − E + V = 20 − 30 + 12 = 2), is called
icosahedron, because it has twenty faces, and icosa is twenty in ancient Greek. The number m = 3 means that
each face is a triangle, and n = 5 means that five edges meet at each vertex. See Figure 20. There are 43380

Figure 20. Icosahedron

distinct nets for the icosahedron! The same number of nets as for an dodecahedron! You can see one of them
in Figure 21.
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Figure 21. Net for an icosahedron

10. Duality

We observe that platonic solids come in pairs which are related by swapping the roles of vertices and faces.
We say that the two polyhedra related in this way are dual to each other.

The first dual pair.

Cube ←→ Octahedron

6 faces, 12 edges, 8 vertices 8 faces, 12 edges, 6 vertices

Both cube and octahedron have 11 distinct nets. In Figures 22 and 23, the following construction swaps the
left and the right picture:

(1) Put a vertex in the interior of each face (including the “window” face).
(2) Connect any pair of the new vertices if their corresponding faces share an edge.

This corresponds to the construction in Exercises 7, 9 and 10: Start with a polytope, put a point in the centre
of each face, and then consider the polytope whose vertices are these centre points.

The second dual pair.

Dodecahedron ←→ Icosahedron

12 faces, 30 edges, 20 vertices 20 faces, 30 edges, 12 vertices

Each of them has 43380 distinct nets. Using the same construction as above, the pictures in Figure 23 are
swapped.

The third dual pair. For the tetrahedron the number of vertices is equal to the number of faces, so swapping
them does not change anything. The tetrahedron is dual to itself.
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Figure 22. The cube with (V,E, F ) = (8, 12, 6) and the octahedron with (V,E, F ) =
(6, 12, 8). Each of them has 11 nets.

Figure 23. The dodecahedron with (V,E, F ) = (20, 30, 12) and the icosahedron with
(V,E, F ) = (12, 30, 20). Each of them has 43380 nets.
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Figure 24. The tetrahedron: (V,E, F ) = (4, 6, 4), and two nets.
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