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• Question 1. How many axes of mirror symmetry has a regular polygon
with n sides? Does the answer depend on n being even or odd?

Solution. A regular polygon with n sides has n axes of symmetries.
(1) For odd n each axis of symmetry passes through a vertex of a polygon and

the middle of the opposite side from this vertex. As a polygon has n vertices, hence
there are n symmetry axes.

(2) If n is even, we have n
2 axes that pass through vertices, and n

2 axes that
connect the middles of opposite sides. Hence polygons with even number of sides
have also n axes of symmetries.

• Question 2. Can you obtain the second square in Figures (1) and (3) from
the first one by only rotations? Only reflections? Combining rotations
and mirror symmetries? If so, show the steps. If not, explain why.

Figure 1. Figure for Question 2 (a)

Solution for 2(a). The second square can be obtained from the first one by
90◦ rotation clockwise.

It can be obtained also by two reflections.
(1) We aim to place vertex 1 to the right upper vertex. For this we apply

symmetry with respect to the vertical axis of symmetry. Now the first vertex is on
the right place, but the square has wrong orientation.

(2) We aim to change the orientation so that the new position of vertex 1 does
not change. Applying the symmetry around the axes 1-3, we get the desired square.
See Figure (2)
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Figure 2. Figure for Question 2 (b)

Solution for 2(b). Rotations and reflections preserve the sides of the square.
In the left square the line segment connecting 1 and 2 is a side of the square, but
in the right square the line segment connecting 1 and 2 is a diagonal. Therefore
the right square cannot be obtained from the left one by rotations and reflections.

Figure 3. Figure for Question 2 (b)

For Questions 3 and 4 consider rotation symmetry of order n.

• Question 3. Can any rotation symmetry be replaced by a combination
of reflections?

Solution. In Q2(a) we have constructed a method how to rotate a square by
90◦ clockwise combining two reflections. The same method works for rotating a
regular n-polygon by 360◦

n clockwise. First we reflect the polygon in such a way
that the first vertex swaps with the second vertex. Then we fix the vertex 1 in its
new position and change the orientation of the polygon by the reflection around
the axis that passes through vertex 1. Applying this combination of two reflections
k times, we perform a rotation by the angle 360◦

n k clockwise. We would need 2k
steps for this procedure.

We can get the same result in only two steps. First we reflect the polygon so
that vertices 1 and k swap, then we fix vertex 1 in its new position and change the
orientation by another reflection about the axis through vertex 1.

• Question 4. Can any reflection symmetry be replaced by a combination
of rotations?
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Solution. Reflection changes the orientation of a polygon. But rotations keep
the orientation. Hence no reflection can be replaced by combinations of rotations.

• Question 5. Now consider the right and the left hand as three-dimensional
shapes. Can we match them by rotations and translations in the three-
dimensional space?

Solution. If we put palms of both hands together, the plane between the palms
will be the plane of the mirror symmetry (reflection) for the left and the right
hand. This reflection changes the three-dimensional orientation. If we hold palms
together, the fingers of the left and the right hands touch each other correspond-
ingly, but the back of one hand can not be matched with the back of another
hand. You may imagine gloves instead of hands. They will be equal if we turn one
glove inside out. But we can not turn inside out our hands. So it is impossible to
match hands in three-dimensional space. If only we would be able to use the forth
dimension...
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• Question 6. Look at your mirror image. The left-hand side and the
right-hand side are flipped in your mirror image. But why did the head
and the legs not get flipped?

Solution. The reasoning is similar to the reasoning in Q5. Our body and its
mirror image have different orientation. As our body is symmetrical too, we fix
the position of a head in our imagination. The order head - right hand - feet - left
hand - head changes to the order head - left hand - feet - right hand - head for our
mirror image.

Imagine a rhombus with vertices H as head, R as right, F as feet, and L as
left, see Figure (4). Note that a rhombus has two axes of symmetry. In 3d the
rhombus is faced toward the mirror, as shown by the arrow in the picture. The
mirror symmetry changes the orientation, so that the image rhombus swaps the
left and the right sides.

Figure 4
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• Question 7. We want to tile the plane with congruent regular polygons
in such a way that two adjacent polygons have one common side and two
common vertices. Show that it is possible only with regular triangles,
squares, and hexagons.

Solution. Suppose k regular n-polygons meet at one point on the plane, as in

Q7. Each angle of the polygon is equal to 180◦(n−2)
n . If k angles meet at one point,

180◦(n−2)
n k = 360◦. We look for the solutions of the equation k = 2n

n−2 , where k and
n are counting numbers, n ≥ 3.

First we rewrite k = 2n
n−2 = 2(n−2)+4

n−2 = 2+ 4
n−2 . The number 4 has three divisors,

1, 2, and 4. Hence we have three solutions, n = 3, n = 4, n = 6. The first solution
corresponds to six regular triangles, the second to four squares, and the third to
three regular hexagons. See Figure (5).

Figure 5
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• Question 8. In the pictures below find and name all symmetries.

In this picture we can find reflection symmetries, translations, rotations of order two and
four. We can get the infinite ornament from the red triangle as the smallest cell. Reflect it
with respect of the hypothenuse, apply the rotation of the fourth order, and then horizontal
and vertical translations.

Figure 6. Ceiling of the Great Chamber at Blickling Hall
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Here we can identify reflections, translations, rotation symmetries of order two (we call
them central symmetries).

Figure 7. Russian Windows
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The door itself has a mirror symmetry, but the wall has no axes of reflections. Black dots
are centres of rotation symmetries of orders two, three, and six. Yellow dots are centres of
the rotation symmetry of order three. There are also translations in six different directions.

Figure 8. Islamic Doorway

• Question 9. Create your own ornaments. Start with one cell, then apply
symmetries. You can print out and use the templates below.
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