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ABSTRACT

A frontier production function of Cobb-Douglas type is defined for

panel data,

Yit = exp(xit~ + Vit - Ui) ’

t = 1,2,...,Ti; i = 1,2,...,N,

where the Vit-random variables are assumed to be independent and identically

distributed as N(0, o~) random variables, independent of the non-negative

U.-random variables, which are assumed to be independent and identically
1

distributed truncations (at zero) of the N(D, 02) distribution.

The random variable, Ui, contributes to the technical inefficiency

of the i-th firm for the T. time periods for which observations are
1

available. It is assumed that these firm effects are time invariant.

The numbers of observations on the different firms are not required to be

the same.

The technical efficiency for the i-th firm is defined in terms of the

ratio of its mean production to the corresponding mean production if the

firm effect was zero. A predictor for this measure of technical efficiency

is presented.

The model is applied in the analysis of farm-level data from an

Indian village involved in ICRISAT’s Village Level Studies. The dependent

variable involved is gross total value of output for individual farmers

in the agricultural years for which data are available. The independent

variables depend on the hectares of irrigated and unirrigated land, hours

of family and hired labour, hours of bullock labour and the value of input

costs, such as fertilizer, organic matter, pesticides and machinery costs.

Hypotheses, such as the homogeneity of family and hired labour, are

considered. Predictions of the productive efficiency of individual farmers

are presented.





i. Introduction

Frontier production functions have been the subject of considerable

econometric research during the last two decades. Theoretical and applied

econometric modelling of production processes has resulted from the seminal

work of Farrell (1957). Although a "production function" had been defined

in microeconomic textbooks as the locus of maximum outputs associated wit|]

different combinations of inputs, until recently the great majority of

empirical studies estimated average production functions using some type

of regression analysis. Farrell (1957) suggested that a production function

should be estimated as an envelope function associated with combinations of

observed inputs.

Aigner and Chu (1968), Timmer (1971), Afriat (1972) and Schmidt (1976)

made important contributions to the econometric modelling of "frontier"

production functions. However, the mode], proposed Jndepende~t]y by Aigner,

Lovell and Schmidt (1977) and Meeusen and van den Broeck (1977) represented

an important breakthrough. Given the assumptions of this model it was

possible to obtain estimates for the precision of estimators for the

parameters of the frontier production function and perform various tests of

hypotheses on those parameters. These papers stimulated a great deal of

further theoretical research and empirical applications of frontier

production functions to many different industries. A review of much of

this econometric research is given by Schmidt (1985).

An important component of frontier production functions is the subject

of the technical efficiency of individual firms. In early papers on

frontier production functions involving cross-sectional data on sample

firms, the technical efficiency of a given firm was defined as the ratio of

the observed production to the corresponding frontier value associated with

the given firm’s factor inputs. Jondrow, et al. (1982) obtained important

results by which best predictors of the technical efficiency of individual



~firms could be obtained. Battese and Coelli (1988) considered a generalized

frontier production function for time-series data on sample firms and defined

predictors for the technical efficiencies of individual firms which are a

generalization of the results obtained by Jondrow, et al. (1982).

In this paper, we consider the Battese-Coelli model for which different

numbers of observations are available on the sample firms. The model is

applied to Indian data supplied by the international Crops Research

Institute for the Semi-Arid Tropics (ICRISAT).

The Generalized Frontier Model

We consider the frontier production function:

Yit = exp(xit ~ + Vjt - Ui) ’
(i)

where Yit is the production for the t-th observation on the i-th sample

firm;

xit is a (l×k) vector of functions of values of inputs associated

with the t-th observation on the i-th sample firm;

8 is a (k×l) vector of unknown parameters;

T. represents the number of observations on the i-th firm;
1

N represents the number of sample firms for which observations

are available; and

the Vit-random variables are assumed to be independent and identically

0~) random variables, independent of the non-negativedistributed as N(0,

U.-random variables, which are assumed to be independent and identically

distributed truncations (at zero) of the N(~, 02) distribution.

The frontier production function (I) is of Cobb-Douglas type and the

first element of the vector, xit, is assumed to be one and the remaining

elements are (associated with) vslues of inputs of different variables



~ncluded in the model. The firm effects in the model, Ui, i = i, 2, .... N,

are assumed to be time-invariant random variables. We assume that they are

non-negative random variables which are associated with the presence of

technical inefficiency of the sample firms. The statistical properties of

the firm effects are assumed to be defined by truncating (at zero) a general

normal distribution whose mean is unknown. Many empirical studies, involving

both cross-sectional and time-series, cross-sectional data, have assumed

that the firm effects have half-normal distribution (i.e., ~ = 0). If the

value of ~ is zero or negative, then the distribution of the firm effects

is such that there is highest probability of obtaining firm effects in the

neighborhood of zero. In this case, the majority of firms would have high

technical efficiencies. However, if the value of ~ is positive, then a

relatively larger number of firms would have firm effects which were

significant positive values and such firms would have smaller values of

technical efficiencies. We believe that there is merit in assuming a more

general model than the half-normal distribution to define the non-negative

firm effects.

The assumption that the firm effects are time invariant may be

unsatisfactory for many empirical situations, particularly when the time

periods involved are quite large. In addition, the distributions of the

firm effects may depend on the levels of inputs of the firms. These problems

are not considered in this paper.

The likelihood function for sample observations on the frontier

production function (i) is given in the Appendix, together with the first

derivatives of the logarithm of the likelihood function with respect to the

parameters of the model. These results are required for obtaining approximate

maximum-likelihood estimates by the Davidon-Fletcher-Powell algorithm.



3. Firm-Level Technical Efficiency

Following Battese and Coelli (1988), we define the technical efficiency

of the i-th sample firm as the ratio of the mean production for the i-th

firm, given its realized firm effect, Ui, and its levels of inputs, to the

corresponding mean production if the firm effect was zero. Thus if the

technical efficiency of the i-th firm is represented by TEi, then

E(Yitlui, xit, t = i, 2, ...)
TE. = (2)1

E(YitlUi = 0, xit, t = i, 2, ...)

Given the frontier production function (I), it follows that the

technical efficiency of the i-th firm reduces to

TE.I = exp(-Ui) ’ (3)

which is equivalent to the ratio of the observed production,

Yit ~ exp(xit ~ + Vit - Ui)’ to the frontier value, exp(xit 8 + Vit)-

The prediction of the technical efficiency (3) requires distributional

results for the firm effect, Ui, conditional on the sample observations on

production. If the parameters of the production frontier model are assumed

known, then it is possible to derive the conditiona! distribution of the

firm effect, Ui, conditional on the random vector, Ei,

where E. 5 (Eil,
.

.1 Ei2’ "’’ EiT )’

and

Eit £ Vit - Ui , t = i, 2, ..., T..
1

It can be shown that, given the assumptions of the frontier production

function (I), the conditional distribution of Ui, conditional on Ei, is

defined by the truncation (at zero) of the N(~]*     2)
i’ 0~ distribution, where

2 2
U ov - o T. ~.

1 1

o + T.o-
V     1



2 2

i     2 2
oV + Ti0

i T.    Eit
i t=l

(5)

It is evident that, as the number of observations, Ti, on the i-th

* approaches U. and the variance,
firm increases, the value of the mean, Pi’                1

0*.2 approaches zero

It is well known that the best (minimum squared error) predictor of

an unobservable random variable, conditional on the value of a known

random variable, is the conditional expectation of the first random

variable, conditional on the value of the second random variable. Thus

the best predictor of the technical e[~fic~ency of firm i, exp(-Ui),

the value of the random vector, Ei, is EIexp(-Ui)IEi].conditiona! on

Given the above distributional assumptions, it can be shown that

1 - ~[o[ - (p*./o*.)]}             . ,
E[exp(-Ui) IEi] =    1 ~ ~(~~i exp(-~i + ½°.2)I

where @(.) represents the distribution function for the standard normal

random variable.

When the parameters of the frontier production function are unknown,

the suggested predictor for the technical efficiency of the i-th firm is

~ ~, 2) (~)TE. E exp(-Di + ~i ’
1

where ^

~ ov- o T.~.. 1 1

^2       ^2
o + T.O
V

^2 ^2
^ 2 o oV
o*~ =
i ^2 ^2 ’

ov + T.ol

(8)

(9)



1 T Z
i t=l £it ’    Eit =- in Yit - xit 8 ,

and 8, p, ~2 and ~ represent the maximum-likelihood estimators for the

parameters of the frontier production function (i).

It can be shown that the predictor (7) for the technical efficiency of

the i-th firm is consistent for exp(-Ui), when the observations on all firms

increase indefinitely.

Given the frontier production function (i), the mean technical efficiency

of firms in the industry is given by

TE = {.I - ~[O-(plo) ]]
1 - %(-p/O) 5 exp(-p + ½02). (lo)

This can be estimated by substJtuti,~g the maximum-likelihood estimators for

the parameters, p and ~)-, of the distribution of the firm effects for the

unknown parameters in (I0).

4. Empirical Application

The International Crops Research Institute for the Semi-Arid Tropics

(ICRISAT) initiated its Village Level Studies at six locations in India in

1975 [see Binswanger and Jodha (1978)]. These studies have sought to obtain

farm-level data from selected villages in different states of India for the

purpose of gaining a better understanding of traditional farming systems so

that appropriate technologies can be devised to encourage agricultural

development in the Semi-Arid Tropics of India.

In this paper we consider data from the village of Aurepalle which is

located about 70 kilometers south o[ the city of Hyderabad, the capital of

Andhra Pradesh State. The study involved taking a sample of about 9.3%

of the farm households from Aurepalle in 1975. It was desired to obtain

data on about 30 farm households for ten years from 1975. Not all the



selected farm households provided data in the ten years involved. If a

farmer ceased to farm in one year or refused to provide data on his farm

operation, then substitute farm households were selected whe~ever

possible.

We consider the data for all farm households who provided data for at

least one year in the years 1975-76 through 1984-85. A total of 38 farm

households provided between one and ten years of data. The farmers are

numbered consecutively from 1 to 38 (different codes were used in the survey)

and the years for which these farmers provided data on their farming

operations are indicated in Table I. The total number of observations for

the 38 farmers over the ten years involved was 289.

The production data for Aurepalle are available for the different plots

which are operated by each farmer. The major crop in the village, in terms

of value of production, is paddy, although only about 19% of the gross

cropped area is under paddy. Other important crops grown in Aurepalle are

castor, sorghum, pearl millet and pigeon pea, whose respective proportions

of the gross cropped area are about 0.35, 0.21, 0.09 and 0.04, respectively.

Intercropping is a common farming practice in Aurepalle, especially with

the crops, sorghum, millet and pigeon pea. Four rows of sorghum and millet

mixed in the same row followed by one row of pigeon pea is a traditional

intercropping system. Castor is an important cash crop in dryland farming.

Irrigation of paddy using diesel or electric pumps to draw water from

wells to the nearby fields is common in Aurepalle. Crops other than paddy

are seldom irrigated or fertilized.

Data available for the farm households include the value of production

for different crops each year, areas of land operated, cultivated and

irrigated, number of hours of family and hired labour (for males, females

and children), number of hours of owned and hired bullock labour, cost of

inorganic fertilizer and organic matter applied, cost of pesticides used and

machinery costs.



Table i: Years of Observations for

Farm Households in Aurepalle

Farmer No. of     75
Number    Obs.     -76

76     77     78     79     80     81     82     83     84
-77    -78    -79    -80    -81    -82    -83    -84    -85

1 5
2 4
3 2
4 5
5 i0
6 i0
7 9
8 i0
9 i0

I0 i0
]I I0
12 9
13 9
14 4
15 5
16 6
17 2
18 i0
19 8
20 I0
21 i0
22 i0
23 7
24 i0
25 i0
26 9
27 9
28 i0
29 I0
30 I0
31 i0
32 i0
33 7
34
35 5
36 4
37 5
38 4

* *

*

*

Total 289 28     28     29     28     30     30     32     29     28     27
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Because of the practice of intercropping, we consider the value of

production for all crops grown by farmers in a year as the dependent variable

in our frontier model. The values of the input variables available are for

the whole plot involved, rather than a single crop.

Initially we consider the frontier production function

log(Yit) = 60 + 611og(Ait) + 621og(Lit) + 631og(Bit)

+ 64 Ditl°g(ICit) +Vit - Ui ,

where Yit is the total value of output for the i-th fgrmer in the t-th year

of observation;
Ait e alUit + (l-al)Iit is a land variable in which Uit and Iit are

the hectares of unirrigated and irrigated land under crops, respectively,

for the i-th farmer in the t-th year of observation, where a] is a parameter

between 0 and I;
Lit e a2FLit + (l-a2)HLit is a labour variable in which FLit and HLit

are the hours of family and hired labour (in male equivalent units) for the

i-th farmer in the t-th year of observation, where a2 is a parameter between

0 and i;
Bit e OBit + HBit is the bullock labour variable in which OBit and HBit

are the hours of owned and hired bullock (pairs) for the i-th farmer in the

t-th year of observation;

ICit is the total input cost (including cost of inorganic fertilizer,

value of organic matter applied to land, cost of pesticides and machinery

costs) for the i-th farmer in the t-th year of observation;

Dit is a dummy variable which has value 1 or 0 if the t-th observation

on the i-th farmer has or has not positive input costs, r~npectively; and

the random variables, Vit and U.,I have the distributional properties as

stated for the model’(l).
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The land and human labour models are among those considered by

Deolalikar and Vijverberg (1983) in a study in which average farm-level data

were used for different districts in India. These models were generalizations

of that considered by Bardhan (1973) in which he investigated the heterogeneity

of hired and family labour. Bardhan (1973) defined a Cobb-Douglas production

function in which total labour hours (family plus hired labour) and the ratio

of hired to total labour were separate independent variables. Deolalikar and

Vijverberg (1983) considered models of labour which were defined by a CES-

type production function involving hired and family labour as separate

variables. A number of special cases of this class of CES models were also

considered. Deolalikar and Vijverberg (1983) concluded that the Cobb-Douglas

production function in which family and hired labour were separate independent

variables provided the best fit of the data. Similar models were used for

land, involving unirrigated and irrigated areas, and Deolalikar and Vijverberg

(1983) concluded that the best model involved the land variable, in which a

weighted average of unirrigated and ~rrigated hectares was used.

For the farm-level data available for Aurepalle village there are a

large number of zero observations for several of the independent variables

considered above. Not all farmers had positive irrigated hectares in

all years. Some farmers had zero hired labour in some years. A considerable

nun~er of farmers in each year reported zero values of fertilizer inputs,

organic matter, pesticide cost or machinery costs~ These zero observations

therefore require careful treatment in the formulation of appropriate

production functions.

The aggregative land area and labour models, specified in the frontier

production function (ii) are appropriate for s~tuations .~n which some of the

associated variables, such as ~r~.gated area or hired labour, have zero

values. These land and labour models assume that their ~espective components

are perfectly substitutable but not necessarily homogeneous. We considered
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generalizations of these models in which the logarithms of unirrigated

hectares and family labour hours were included as variables in the frontier

production funtion. The coefficients of these additional variables were not

statistically significant. These results indicate that the assumption of

perfect substitution between the different components of land and labour is

likely to be reasonable for the Aurepalle data. The hypothesis of homogeneity

of family and hired labour is specified by a2 
= 0.5 in the model for labour

services. The bullock labour hours for owned and hired bullocks were

aggregated in the model (ii), rather than considering a similar model to

those for land area and human labour, because of results of some preliminary

analyses obtained by Sharma (1988).

It should be noted that the frontier production function (ii) really

involves two functional forms - one for observations for which input costs

are zero and one for observations with positive input costs. The model (ii)

specifies that the elasticities of [and, human labour and bullock labour

are the same for the two cases of zero and positive input costs. The frontier

production function (ii) is expressed for the case in which the zero and

positive input cost observations are pooled.

The parameters of the land area and human labour models in the frontier

production functions were initially estimated by the values of aI and a2 in

the unit square which minimize the residual sum of squares for the production

function (ii). For a grid of values between 0.05 and 0.95, by steps of 0.05,

the values, aI 
= 0.20 and a2 = 0.55, had the smallest residual sum of squares

for the model (ii). The coefficient of determination (adjusted) for this

model was 0.876, which indicates that the model accounts for a high proportion

of the variability in the logarithm of total value of output for the farmers

in Aurepalle.

By use of a first-order Taylor expansion of the function (ii) about

these initial estimates for aI and a2, the final estimates obtained were
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~I = 0.222 and ~2 = 0.553, with estimated standard errors of 0.063 and 0.042,

respectively.

The above estimates for the land area and human labour models in the

frontier production function (Ii) imply that the estimated land and labour

models are equivalently expressed by

and

Land Area = Uit + 3.50 Iit (12)

(1.3)

Hnman Labour = FLit + 0.81HLit ,

(0.14)

(13)

where the estimates, 3.50 and 0.81, are (i-~i)/~I and (1-~2)/~2,

respectively. The estimated standard errors of the estimators are approximated

by standard asymptotic methods.

The estimated aggregate land model (12) is such that one hectare of

irrigated land is approximately equivalent to 3.5 hectares of unirrigated

land. This result is similar to those obtained by Deolalikar and Vijverberg

(1983) who reported that in their studies the best model involved an aggregate

land model in which irrigated land was weighted about four times as much as

unirrigated land.

The estimated aggregate human labour model (13) is such that one hour

of hired male labour is approximately equivalent to 0.81 of an hour of

family male labour. However, the estimated weighting factor, 0.81, in the

labour model (13) is not significantly different from one. Alternatively,

^

the estimate a2 = 0.553, is not significantly different from 0.5.

Since the parameter, a2, of the labour variable in the frontier

production function (ii) was not significantly different from 0.5, we

conclude that hired and family labour are homogeneous in Aurepalle. The

corresponding estimate for the parameter, al, of the land variable was 0.227,
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with estimated standard error of 0.077. Using the estimated aggregate

land and labour variables,

Ait= 0.227 Uit + 0.773 Iit , (14)

Lit = 0.5(FLit + HLit) , (15)

the frontier production function (i]) was estimated. The estimated value of

the parameter, p, which defines the distribution of the farm effects for

the different farmers was -0.42 with an estimated standard error of 1.8.

The distribution of the farm effects was found not to be significantly

different from the half-normal distribution in which p = 0. The estimated

frontier model (ii), given that the farm effects have half-normal distribution,

was

log Yit = 4.33 + 0.50 log(Ait) + 0.78 log(Lit)
(0.67) (0.11)

- 0.27 In(Bit) ~ 0.048 Dit in(ICit) ,

(o.o74) (0.019)
(16)

^             ~2                                                   ~2
y = 0.I0, O = 0.338, where the parameters y and o are defined by

(0.13)     (0.043)

2/ 2 2      ~2 ~¥ = o (O +oV) and     = (02+0), respectively (see the Appendix for the

reparameterization of the model).

The estimate for the parameter, ~, which is the ratio of the variance,

2o , involved in defining the distribution of the farm effects, Ui, to the

2     2
sum of the two variances, o and Ov, is smaller than the estimated standard

error. However, the generalized likelihood-ratio test for the hypothesis

that y is zero had value 5.69, which was significant at the five-percent

level. This indicates that the frontier production function is significantly

different from the traditional Cobb-Douglas production function which does

not involve non-negative farm effects.
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The assumption that the elasticities of land, human labour, bullock

labour and input costs are the same for the frontier production function (Ii)

when farmers irrigate and do not irrigate may be erroneous. A more general

model is defined by

lof(Yit) : 60 + 811og(Ait) + 821og(Lit) + ~31og(Bit)

+ ~4Ditlog(ICit) + [60 + 611og(Ait) + 621og(Lit)

(17)

+ 631°g(Bit) + 64Dit]°g(ICit)]D*it + Vit     - Ui ’

where D* is a dummy variable which has value 1 or 0 if the t-th observation
it

on the i-th farmer has or has not positive irrigated hectares, respectively.

The estimated parameters of the frontier model (17) are as follows:

If Iit: o,

^
(£it)log(Yit) = 4.04 + 0.51 log(Ait) + 0.81 log       - 0.221 log(Bit)

(0.85) (0.14) (0.13) (0.093)

+ 0.027 Ditlog(ICit)

(O.O2O)

(18a)

If lit > 0,

^

log(Yit) = 6.40 + 0.58 log(Ait) + 0.]6 log(Lit) - 0.35 in(Bit)
(1.38) (0.25)         (0.27)         (0.16)

+ 0.478 Ditlog(ICit),
(0.10)

18b)

^
where ~ = 0.1’7 and o = 0.329

(0.14) (0.051)

This estimated frontier model is different from the model (16), because

the generalized likelihood-ratio statistic had value 23.18, which is

significant at the one-percent level. Further, we conclude that the

elasticity parameters in the two models are not the same. The estimated
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intercept parameter and elasticities of land and input costs are greater

for the case of positive irrigation than for the case of zero irrigation.

However, the elasticity for human labour is smaller and that for bullock

labour is a greater negative number for the case of positive irrigation than

for zero irrigation.

The estimate for the variance ratio parameter, 7, is considerably

larger for this generalized frontier model (18) than for the frontier model

(16) with common elasticities of land, human labour, bullock labour and

input costs for the two cases of zero and positive irrigation.

Given that the frontier production function (18a,b) modeis total value

of production for farmers, it follows that use of the predictor (7) obtains

estimates for the overall economic efficiency (rather than technical

efficiency) of the sample farmers. The predicted efficiencies, given in

Table 2, range from 0.662 to 0.914. The frequency of values of effic[enc~es

in different ranges are indicated Jn Table 3. About 23.7% of the farmers

had predicted efficiencies less than 0.8 whereas 52.6% of the farmers had

predicted efficiencies greater than 0.85. The estimate for the mean

efficiency (i0) of farmers in Aurepalle is 0.837.

The factors which contribute to high efficiency of farmers in Aurepalle

remains a subject for further investigation. Some researchers [e.g.,

Kalirajan (1985)] regress estimates of farmer efficiencies on farmer-

specific factors in an endeavour to discover those factors which are

significant in explaining the levels of efficiencies. We believe that it is

preferable to incorporate farmer-specific var~.ables in the frontier

production functions because such variables themselves may influence the

level of efficiency obtained. We have not incorporated such variables in

our analysis.
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Table 2: Predicted Efficiencies for

Sample Farmers from Aurepalle

Farmer Number Predicted Efficiency

]
2
3
4
5
6
7
8
9

io
ii
12
13
14
15
16
]7
18
19
2o
2]
22
23
24
25
26
27
28
29
3o
31
32
33
34
35
36
37
38

0.898
o.821
0.832
0.908
0.878
o.878
0.897
0.793
o 914
o 909
o 841
o 717
0 876
0 821
0.765
0.662
0.702
0.859
0.765
0.832
0.887
0.883
0.766
0.906
0.839
0.820
0.900
0.821
0.909
0.904
0.889
0.877
0.780
0.814
0.676
0.822
0.898
0.893

Mean Efficiency 0.837



17

Table 3: Frequency Distribution of Predicted Efficiencies

for the Sample Farmers in Aurepalle

Frequency
Range of of

Efficiencies Occurrence

Relative
Frequency of
Occurrence (%)

less than 0.75 4 10.5

0.75    0.80 5 13.2

0.80 - 0.85 23.7

0.85 - 0.90 14 36.8

more than 0.9 6 15.8

Total 38 i00.0

5. Conclusions

Our empirical application of frontier production functions to farm-

level data from Aurepalle village indicates that family and hired labour are

homogeneous, given the model considered for labour services. This finding

conflicts with results reported by Deolalikar and Vijverberg (1983, 1987).

For the type of model for labour services considered in this paper, Deolalikar

and Vijverberg (1983) report that, using district-level data for India,

family and hired labour are not homogeneous, but that family labour should

be weighted about three times as much as hired labour. Further, Deolalikar

and Vijverberg (1987) rejected the hypothesis of perfect substitutability

between family and hired labour using farm-level data from India and Malaysia,

given that labour services were assumed to be a quadratic function of family

and hired labour. Additional investigation of the appropriate model for

labour services appears to be necessary.

The above analyses do, however, indicate some of the possibilities

associated with an application of frontier production function models to
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empirical data on agricultural production of individual farms. A basic

component of frontier production function research is the prediction of

technical efficiencies of individual farm operators and the identification

of factors which contribute significantly to high levels of technical

efficiencies.

Additional empirical analyses are planned to be conducted on data from

other sites in India. Further theoretical and applied research on frontier

production function models is desirable involving data from different

agricultural systems. Of particular interest is the modelling of technical

efficiency over extensive periods of time, especially in situations in which

advances in technologies are being made.



]9

Appendix

Consider the frontier production function

Yit = xit~ + Eit

where

Eit = Vit - Ui
t = I, 2, ..., Ti; i = I, 2, ..., N ,

$ . which are lid non-
where the Vit are iid N(0, o ) independent of the U1

negative random variables having density function

exp [-½ (ui-~l) 2/o2]

fu. (ui) =                        ,         u.~ .~ 0

The_joint density function [or U.~ and Vj, where V.] :~f (Vi.[,            V~2,        ..., V[T.)’,
1

is given by

fu., V. (ui’vi) =
1

,    2
exp -½{ [(ui-%l)2/o2] + [vivi/uV] }

½ (T. +i )    T.
i         I

v

where v. = (vii, ¯ , )’
1 vi2 ’ " " ViT.

1

The joint density function for U. and E., where E. = (Ell, Ei2, ..., EiT.)’,1 1 1-
1

is given by

[Ui’E’l(ui’ei) =

where e.1 = (eil’           ei2, ..., eiT.)’ and £.i is the (Tixl) vector with all
1

elements equal to one.

After some tedious algebra, the exponent of this joint density function

is expressed by

Note that for the model (i) the notation, Yit’ refer~ed to the observed
production. Given that model, then Yit in this Appendix represents the
logarithm of the observed production.



2O

2
-½([ (Ui-P~)/O.~] + [e’.e 1

’ 2 2+ (~Io) - ( * * }~i/Oi)

where
2 2-

pOV - Tio ei

2     2
ov + Tio

2 2
o oVo*. 2 = , and¯ 2 2

oV + T.Ol

Thus the marginal density function for E. is expressed by
1

fE. (ei) = [1-i(-p~!o~)]
1

exp-~{[eiei/o~] + (p/o)2 - (p~/o~)2}
l 1

½Ti (Ti-l) 2    2 ½
(2~)    oV     (Ov+TiO) [l-i(-p/o)]

Further, the conditional density function for U., conditional on E. = e.,
1                                  .t        1

is given by

exp -~ [ (ui-1,~)/o.~] -
f (U.) = I ,    U > 0

UiIEi=ei ] (2,,)~ o~[l-q~(-u*.lo.*)l
i = "

1 i

Finally, the density function for the random vector, Y = (Y{, Y~, .... Y’)’’N

where Y’. = (Yil’ Yi9 ..... YiT )’ is thus
1

exp-½{[(Yi-XiS)’ (Yi-XiB)/OV2] + (p/o)2 - (p.*/o.*)2} }

fY(Y) =         ½Ti (Ti-l) 2    2 ½
i=l (2~)    oV      (Ov+Tio) [I-~(-U/o)] [I-@(-U~/o~)]-I

where Yi ~ (Yil’ ¥i2’ ..., FIT.)’ represent sample values for the random

vector, Yi; and
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x. = (x’     x’             x’.    ) ’1 if’ " i2’ "’" ’ IT.
1

The logarithm of the likelihood function for the sample observations on the

frontier model is thus

NN N ~)
L*(@*; y) = -½( ~ T.) log (2~) - ½[ ~ (Ti-l)] log (oV) - ½ ~

ill i i=l i=l

2 2)
log (Ov+Tio

N

) 2- ½¢y-x~l’(y-x~)/o~ + ½ 1 i
i=l

), x{,where 8" = (8’, ~, 0 , ~    , and X = (     x ..... x

Given the reparameterization of the model, suggested by Battese and Corra

-2      2      2              ~2 2,                           ~2
(1977), where ~ = ~ + oV and y =    /~    let 0 = (8’, U, o , y). The

logarithm of the l ikelLhood function is then expressed by

i=l _i :1

N
- ½ [ lo~{~~

i=l
[l+(Ti-])y]] - N log [l-@(-z)]

N

+ Z log [l-%(-z,~)] -
i=l

N
- ½(y-XS)’ (y-X8) [(i-¥)~2]-I + ½ ~ z~2 ,

i=l

where z = ~/(~2 y)½ ,

U(I-7) - Ti¥(Yi-XiS]

{¥ (l-y) ~2 [I+ (Ti-]) y] ]

-i= T    y’     ,
~i     i    iZi
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-iand      x. = T.
li

The partial derivatives of the logarithm of the likelihood function, with

respect to the parameters 8, D, ~2 and ¥, are given by

+ Z                   1       1

{¥(~_¥) ~2[~+(T._~)¥1 }½
1

+ X’ (y-XS) [ (l:y)o2]-I

3L*          N      }(-z) + z} +
~--~-- = (32y)½ { l-i(-z) i=l {Y (l-y) [i+ (T.-I) Y]

1

+ ~ IZ~7i~) + Z z*,- (y-XS)’ (y-XS)[l-Y)<]2]-!
i 1

and

-½
N                   N

Z (Ti-l) (i-¥)-I - ½ ~ (Ti-l) [l+ (Ti-l) ¥]
i=l               i=l

-I + ½N[ @(-z) + z] z¥-I

l-~(-z)

-½(y-XS)’(Y-XS’[(I-¥)°] ~+ ~ If_q)(_z + z

i i     [)
~i      ay

az.*
1where -x-- = -

{Y(I-y) [].+(T.-1)yI}[I|+Ti~               (Yi-Xi8)]

~{y {J_-¥) [l+ (T.-1) y] }3/2
1

½{li(]-j) - Ti¥(Yi-xiS) }l (]-2y) + (T.-l)y(2-3¥)]
-

3/2o{¥(~--,)[~ + (T.-~).,.]
1
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